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a b s t r a c t

A new approach for uniform parameterization and rotation invariant global description of 3D triangular
surface meshes of objects with a spherical topology is presented. It consists of two steps. First, an initial
mapping based on a heat conduction model is carried out and an optimization of the initial parameter-
ization in a constrained optimization procedure is applied. Second, a rotation invariant 3D shape descrip-
tion is achieved using the abstract harmonic analysis and the shift theorem. Our approach is validated on
both synthetic data and real data obtained from myocardial scintigraphy imaging technique as an
example.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

3D medical imagery has witnessed great progress in the last 20
years. It has allowed a better characterization of the explored or-
gan’s shape and a better assessment of its function. Although the
global vision of the organ aids diagnosis and therapy, it does not
allow any deformation quantification, thereby making it necessary
to ensure the 3D structures’ geometrical representation in order to
extract shape and motion descriptors.

Several approaches have been used for 3D anatomical structure
modeling, particularly the heart, using various medical imaging
techniques. For example, Cauvin et al. (1993) applied algebraic sur-
faces to model the ventricle using SPECT (Single Photon Emission
Computed Tomography) images. Bardinet et al. (1994) used the
parametric superquadric model associated to free-form deforma-
tions (FFD) to characterize the heart motion over time using tomo-
graphic images and the superquadric model tracked as a reference
shape and combined with displacement function. Various ap-
proaches namely the hyperquadric one (Han and Goldgof, 1993)
were used for cardiac 3D images analysis. Kelemen et al. (1999) ap-
plied the spherical harmonic basis functions (SPHARM) proposed
by Brecbühler et al. (1995) to evaluate a population of 3D hippo-
campus shapes and demonstrated that SPHARM could be used to
express shape deformations. Styner et al. (2004) used SPHARM
ll rights reserved.
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for the analysis of the hippocampus shape abnormalities in schizo-
phrenia. Huang et al. (2005) proposed a surface matching tech-
nique for 3D SPHARM models based on the rotational properties
of the harmonic analysis to align objects in order to determine cor-
respondence between shapes. They applied their techniques in car-
diac MRI to assess changes in the wall thickness of the left ventricle
of the heart. Glodberg-Zimring et al. (2005) adopted the spherical
harmonics to estimate the volume of brain tumors using magnetic
resonance images from five patients.

Knowing that the left ventricle of the heart is a closed surface
with a spherical topology, we propose the spherical harmonic basis
functions to approximate its 3D shape and the abstract harmonic
analysis to generate rotation invariant 3D shape descriptors.

We aim to measure and analyze the heart’s left ventricle defor-
mation at stress and rest in order to quantify the severity of the
heart pathology using the scintigraphic imaging technique and
the spherical harmonic basis functions.

For this purpose, we have to resolve a key problem which is the
appropriate parameterization necessary for the use of spherical
harmonic functions in 3D shape description. In fact, it is necessary
to have a homogenous distribution of the 3D points on the surface
in order to accurately generate coefficients of a series representing
the 3D object. Most of the works achieved in this context have pro-
posed solutions adapted to specific surfaces such as superquadrics
(Bardinet et al., 1994; Vemuri and Radisavljevic, 1993) and hyper-
quadrics (Han and Goldgof, 1993). Vemuri and Radisavljevic (1993)
overcame this problem by the resolution of a differential equation.
Bardinet et al. (1994) proposed a less expensive solution. He pro-
jected the set of points from the sphere to the ellipsoid, then from
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the ellipsoid to the superellipsoid to get better uniform distribu-
tion points. The resulting points are regularly spaced on the sur-
face. The generation of such a parameterization was formulated
and solved as a large constrained optimization problem by Bre-
cbühler et al. (1995). As an input, the algorithm used a closed sur-
face represented by square faces mesh. It overcame limitations of
expressing an object surface by explicit parametric representa-
tions, which were restricted to star-shaped objects, and the non-
uniform spacing of parameters on the object surface. The initial ap-
proach of Brecbühler et al. (1995) was modified by Quicken et al.
(2000) who used triangulated surfaces as an input for the parame-
terization algorithm. To obtain a homogenous distribution of the
parameter space over the surface, the initial parameterization
was modified in a constrained optimization procedure exploiting
the knowledge that triangles are obtained by dividing equal-sized
squares. Accordingly, angles of each triangle and the side lengths
are known. In (Sijbers and Van Dyck, 2002), a uniform surface
parameterization was achieved by initially using an inflation algo-
rithm to map polygonized 3D objects to a unit sphere. A homoge-
neous distribution of the vertices was achieved by applying an
iterative watershed algorithm to the surface graph.

In this paper, we present a new technique for the uniform
parameterization of 3D triangular mesh surfaces of objects with
spherical topology based on works in (Brecbühler et al., 1995;
Quicken et al., 2000) and rotation invariant shape description
based on the abstract harmonic analysis and the shift theorem to
extract rotation invariant 3D shape descriptors (Burel and Henocq,
1995; Kazhdan et al., 2003; Makadia and Daniilidis, 2003).

As an illustration of the new technique, we propose to use the
spherical harmonic model and data extracted from scintigraphic
images to model the left ventricle of the heart. First, we started
by segmenting the original scintigraphic data and separating the
anatomical structures of interest, namely the epicardium wall
and the endocardium wall. Then, after surface triangulation and
uniform parameterization, we fitted the surface which was decom-
posed into a spherical harmonic basis on this set of 3D points
through an iterative reconstruction process leading to determine
the optimal harmonic number. Finally, based on spherical har-
monic coefficients, we extracted the invariant spherical harmonic
shape descriptors which would be used to compute the distance
between the different anatomical structures to detect any pathol-
ogy and quantify it.

The rest of this paper is organized as follows. In Section 2 we
present the new parameterization algorithm including the initial
mapping to obtain starting values and the nonlinear optimization
process. Section 3 explains the expansion of a 3D shape into a set
of spherical harmonics. In Section 4 we present the generation of
rotation invariant 3D shape descriptors based on the abstract har-
monic analysis and the shift Theorem. In Section 5 we present the
material used to validate our approach. In Section 6 we test our
Fig. 1. Mapping of triangular faces on the object’s surface (
method, using myocardial scintigraphic data of a group of 37 pa-
tients. Section 7 summaries our results and discusses the possible
topics for future works.

2. Surface parameterization

A triangular surface mesh was used as an input for the
parameterization process. The object surface was assumed to
be closed and topologically equivalent to the sphere. First, a har-
monic map was created to initially map the mesh vertices from
the object space to the parameter space (unit sphere) (Fig. 1)
based on a heat conduction model (Brecbühler et al., 1995). To
obtain a homogenous distribution of the parameter space over
the surface with minimal local distortion, we modified the initial
parameterization in a constrained optimization procedure con-
sidering three criteria: Euclidian norm, area uniformity and min-
imal distortion.

In the following section, nvertices denotes the vertices number,
nfaces the triangles number, and nedges the edges number. There
are 3nvertices degrees of freedom to place nvertices vertices on the
sphere. Imposing constraints on the Euclidien norm of any vertex
which must be 1 takes nvertices degrees of freedom and on area pres-
ervation takes nfaces � 1 degrees of freedom because the area of all
triangles equals 4p.

Using Euler’s equation for planar graphs: nvertices � nedges +
nfaces = 2 and nedges = 3nvertices � 6 for triangular mesh we get
3nvertices� nvertices� (nfaces � 1) = 2 degrees of freedom. Three global
rotational degrees of freedom remain after optimization.

Two degrees of freedom are not sufficient to minimize the dis-
tortion. We changed the constraints and objective function initially
proposed by Brecbühler and Quicken as follows:

1. The Euclidian norm of the coordinate of any vertex must be 1.
This constraint forces every vertex to lie on the unit sphere.

2. Area uniformity: Every object face should map onto an elemen-
tary face in the parameter space. The elementary face area is
obtained by dividing 4p by the total number of faces: 4p/nfaces.
Area uniformity is achieved by summing up the squared differ-
ences of the area of the triangular facets and the elementary
facet area in the parameter space.

3. Minimal distortion: Every triangle should map onto an elemen-
tary spherical triangle in the parameter space. To quantify dis-
tortion, we propose to compare directly each angle in object
and parameter space.

We propose an objective function which is a linear combination
of area uniformity and distortion quantification (Eq. (1)):

min
f

X
i2D
jareap;i � ð4p=nfacesÞj2 þ

X2

j¼0

j cos aijp � cos aijoj2
" #

ð1Þ
object space) to spherical triangles (parameter space).



Fig. 3. Visualization of the same object described by three different point clouds.
The number of vertices (a) 8128, (b) 900, (c) the point clouds described in (b) and
having undergone a rotation.
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where f is the mapping function from the object space to the unit
sphere that assigns values to every vertex of the triangular mesh,
areap,i denotes the facet area of the triangle i (i = 1, . . . , nfaces) in
the parameter space, cos aijp (cos aijo, respectively) is the angle cosi-
nus of the triangle i in the parameter space (object space respec-
tively) and j varies from 0 to 2.

3. Spherical harmonic descriptors

The spherical harmonic surface can be written as an expansion
of spherical harmonic basis functions for the three coordinates. A
set of coefficients is then used to express the surface in a compact
way (Eq. (2)):

Sðh;/Þ ¼ ðxðh;/Þ; yðh;/Þ; zðh;/ÞÞT ¼
XL

l¼0

Xl

m¼�l

cm
l Ym

l ðh;/Þ; ð2Þ

where cm
l ¼ ðcm

xl ; c
m
yl ; c

m
zl Þ

T are 3D vectors and they are obtained by
solving a least-squares problem.

The values of the basis functions are gathered in the matrix
B = Bi,j(l,m) with Bi;jðl;mÞ ¼ Ym

l ðhi;/iÞ where j(l, m) is a function assign-
ing an index to every pair (l, m) and i denotes the indices of nvertices

points to be approximated. The coordinates of these points are
saved in S = (S1, S2, . . . , Snvertices)T and all coefficients are stored in
the matrix C ¼ ðC0

0;C
�1
1 ;C0

1; . . .ÞT :
Starting values of cm

l coefficients are given by (Eq. (3)):

cm
l ¼ 4p nvertices

Xnvertices�1

i¼0

Siðhi;/iÞYm
l ðhi;/iÞ

,
ð3Þ

The coefficients that best approximate the points in a least-
squares sense are obtained by (Eq. (4)):

C ¼ ðBT BÞ�1BT S ð4Þ

Using the spherical harmonic basis we obtained a hierarchical
surface description which includes further details as more coeffi-
cients are considered (Fig. 2).

4. Invariant 3D shape descriptors

The properties of invariance are required to eliminate differ-
ences due to rotation, translation and magnification (Fig. 3). To
get rid of these dependencies, the models are usually normalized
by using the center of mass for translation, the root of the average
square radius for scale and principal axes for rotation (Brecbühler
et al., 1995; Gerig et al., 2001). It is well known that while transla-
tion and scale normalization methods are robust, the rotation nor-
malization via PCA-alignment does not provide a robust
normalization. To overcome this limitation, and knowing that the
Fig. 2. Rendered surface of the object (a) (respectively (d)). Global shape descrip-
tion by expansion into spherical harmonics. Reconstruction up to degrees 4 (b) and
6 (c) (respectively degree 4 (e) and 5 (c)).
heart’s left ventricle has a spherical topology, we propose to use
the abstract harmonic analysis and the shift theorem to extract
rotation invariant 3D shape descriptors (Burel and Henocq, 1995;
Kazhdan et al., 2003; Makadia and Daniilidis, 2003).

To achieve the translational invariance, we placed the origin of
3D coordinates at the center of gravity of the object. To obtain the
scale invariance, we divided all the spherical harmonic coefficients
by the distance between the origin and the farthest point of the
object.
4.1. Spherical Fourier transform

Points on the unit sphere S2 are parameterized using the spher-
ical coordinates h e [0, p], u e [0, 2p]. Any point g(h, u) e S2 is writ-
ten as the unit vector g(h, u) = (cos u sin h, sin u cos h, cos h). f(h, u)
is denoted for any function whose domain is restricted to the unit
sphere. The integration of a function f(h, u)e L2(S2) is defined as (Eq.
(5)):

Z p

0

Z 2p

0
f ðh;/Þd/ sin hdh ð5Þ

where du sin h dh is the rotation-invariant measure on the sphere.
On the sphere, the spherical harmonics form an orthonormal

basis for L2(S2). Any function f(h, u) e L2(S2) can be expanded in this
basis as (Eqs. (6) and (7)):

f ðh;/Þ ¼
XL

l¼0

Xl

m¼�l

cm
l Ym

l ðh;/Þ ð6Þ

where cm
l denotes the harmonic coefficients,

cm
l ¼

Z p

0

Z 2p

0
f ðh;/ÞYm

l ðh;/Þd/ sin hdh ð7Þ

Sphere S2 is a homogenous space. SO(3) is a compact and uni-
modular group which can act on sphere S2. The Fourier series of
a group exists if the group possesses an irreducible unitary repre-
sentation. From a group theory point of view, the spherical har-
monics are a complete basis for the irreducible representations of
the rotation group SO(3).This property presents a way for decom-
posing spherical functions into rotation invariant components. In
our case, the coefficients of the spherical Fourier transform are
the expansion coefficients cm

l of the function f(h, u) in the basis of
spherical harmonics.



Fig. 4. Rendered surface of O1 object.

Fig. 5. Reconstruction of O1 up to degrees 4 and 10 ((a) and (b) respectively).

Fig. 7. Reconstruction of O2 up to degrees 3 and 4 ((a) and (b) respectively).

Fig. 8. Rendered surface of O3 object.

1984 A.B. Abdallah et al. / Pattern Recognition Letters 31 (2010) 1981–1990
4.2. Computation of rotation invariant spherical harmonic descriptors

Knowing that a rotated spherical harmonic of degree l can be
written as a linear combination of spherical harmonics of the same
degree l and that spherical harmonic coefficient of a rotated
kgf(h, u) function is a linear combination of the coefficients of the
function f(h, u), the shift theorem allows us to define real value
functions Il(f(h, u)) which remain invariant under rotations (Eq.
(8)):

Ilðf ðh;/ÞÞ ¼
X
jmj6l

Cm
l Cm

l ð8Þ

where Cm
l are the coefficients of f(h, u), Cm

l denotes the conjugate
complex of Cm

l and Il the (2l + 1) � 1 column vector of all coefficients
of degree l, g e SO(3) and kg its associated operator.
Fig. 9. Reconstruction of O3 up to degrees 4 and 6 ((a) and (b) respectively).

Fig. 10. Rendered surface of O4 object.
4.3. Distance measure between spherical harmonic models

Rotating a spherical harmonic function does not affect its L2-
norm. We propose to use the L2-diffrence between two spherical
harmonic models f and g in order to compare and discriminate
them. Based on the rotation invariant descriptors (Section 4.2),
we define the following distance measure D as follows:

Dðf ; gÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

i

ðIf ;i � Ig;iÞ2
r

ð9Þ

where If,i and Ig,i stand for ith invariant of the spherical harmonic
models f and g, respectively.
Fig. 6. Rendered surface of O2 object.
5. Material

In this section we present our materials. First, we describe the
synthetic models used to validate the global description and
extraction of the invariant 3D descriptors. Then, we provide an
example of a 3D surface reconstruction using nuclear medicine
Fig. 11. Reconstruction of O4 up to degrees 4 and 6 ((a) and (b) respectively).



Fig. 12. Rendered surface of O5 object.

Fig. 13. Reconstruction of O5 up to degrees 4 and 6 ((a) and (b) respectively).

Fig. 15. (a) Rendered surface of O1 object (vertices number 121). (b) Reconstruction
up to degree 4. (c) Rendered surface of O8 object (vertices number 6562). (d)
Reconstruction up to degree 4.

Fig. 16. The distance between the object and the modelj (with j = 1–8).
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images in order to show our approach can numerically quantify or-
gan deformations.

5.1. Synthetic data

Six synthetic 3D triangular mesh surfaces of objects with spher-
ical topology were used. Five with arbitrary complexity shapes
(Figs. 4, 6, 8, 10 and 12) and one was a non star-shaped object
(Fig. 14).

5.2. Scintigraphic images

We used myocardium SPECT (Single Photon Emission Com-
puted Tomography) images performed at stress and rest on 37 pa-
tients from the Nuclear Medicine Department of The University
Hospital Sahloul, Sousse, Tunisia. The myocardium scintigraphy
(Matsunari et al., 1997; Hambÿe et al., 2007) was performed to
diagnose coronary artery disease (CAD) for each of them. This diag-
nosis was based on the determination of the site, the extent and
the severity of the pathology on both stress and rest sequences
(Fig. 18). The Myocardium SPECT results were reviewed by two
qualified nuclear medicine physicians. Ten exams were declared
as healthy, sixteen with moderate CAD and 11 with severe CAD.

5.2.1. Segmentation and 3D reconstruction of the heart’s left ventricle
As an input, we used 2D slices of the heart’s left ventricle at

stress and rest. We started by segmenting the original scintigraphic
Fig. 14. (a) Rendered surface of O6 object. Reconstruction of O6 up to degrees 5 and
10 ((b) and (c) respectively).
data and separating the anatomical structures of interest, namely
the epicardium wall and the endocardium wall (Fig. 19). Fig. 20
shows an example of a rendered surface of the left ventricle at
stress and rest respectively after the segmentation of scintigraphic
image sequences of one patient.
5.2.2. Data base structure
For each patient we extracted four triangulated meshes repre-

senting the surface of the anatomical structures of the epicardium
wall at rest (EPR), the epicardium wall at stress (EPS), the endocar-
dium wall at rest (ENR) and the endocardium wall at stress (ENS).
For each mesh, the number of triangles is 1000 and the number of
vertices is 502. All the generated triangulated meshes would be
used as the input for the 3D spherical harmonic shape description
process (Figs. 21 and 22). Table 1 sums up the expert’s diagnosis for
each patient.
6. Results

6.1. Synthetic data

First, we present the results of a global description for each ob-
ject. Then we test the influence of the variation of the triangular
mesh as an input on the capacity of the model to represent cor-
rectly the original object. Finally we verify the translation, scale
and rotation invariance of our shape descriptors.



Fig. 17. Rotation of the O4 object around z-axis.

Fig. 18. Scintigraphic image sequences at stress and rest for one patient.
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6.1.1. Global description by expansion into spherical harmonics
The triangulated surfaces of the test objects were parameter-

ized as described in Section 2, and their shapes were expressed
through spherical harmonic descriptors as described in Section 3.

Fig. 4 (Figs. 6, 8, 10, 12 and 14, respectively) shows an example
of a synthetic 3D object rendered surface. Fig. 5 (Figs. 7, 9, 11, 13
and 15, respectively) shows the reconstruction of the surface ob-
ject with the spherical harmonic model using (Eq. (6)).

The surface parameterization technique is no longer restricted
to star-shaped or convex objects but can be applied on arbitrarily
shaped objects with a spherical topology (Fig. 14). The surface is
explicitly represented by the variation of two parameters and the
size of the set of coefficients can be chosen so that the spherical
harmonics characterize the desired details of the shape.
6.1.2. Robustness of the spherical harmonic shape representation with
respect to the input mesh

In order to test the influence of the input mesh on the global
shape description by the spherical harmonic approach, we used
Fig. 19. Segmentation and separation of scintigraphic image sequences in one
patient resulting in the structures of the epicardium wall and the endocardium
wall.

Fig. 20. Rendered surface of the left ventricle at stress and rest respectively after
segmentation of scintigraphic image sequences in one patient.

Fig. 21. Left to right (a) rendered surface of the epicardium wall in patient 1. (b)
Epicardium modeling with SH model at stress. Reconstruction up to degree 10. (c)
Rendered surface of the epicardium wall in patient 1. (d) Epicardium modeling with
SH model at rest. Reconstruction up to degree 10.

Fig. 22. Left to right (a) rendered surface of the epicardium wall of patient 1. (b)
Epicardium modeling with SH model at stress. Reconstruction up to degree 10. (c)
Rendered surface of the epicardium wall of patient 1. (d) Epicardium modeling with
SH model at rest. Reconstruction up to degree 10.



Table 1
Expert diagnosis for the 37 patients.

Patient Diagnosis

1 Healthy
2 Critical
3 Moderate
4 Moderate
5 Critical
6 Moderate
7 Critical
8 Critical
9 Critical

10 Moderate
11 Moderate
12 Moderate
13 Critical
14 healthy
15 healthy
16 healthy
17 critical
18 Moderate
19 Critical
20 Moderate
21 Moderate
22 Healthy
23 Healthy
24 Critical
25 Moderate
26 Critical
27 Moderate
28 Critical
29 Moderate
30 Moderate
31 Healthy
32 Moderate
33 Moderate
34 Moderate
35 Healthy
36 Healthy
37 Healthy

Table 3
(a) Comparison of epicardium wall invariant distance at stress and at rest. (b)
Comparison of endocardium wall invariant distance at stress and at rest for 37
patients.

Patient
number

Distance between epicardium
wall and endocardium wall at
stress using invariant SH shape
descriptors (a)

Distance between
endocardium wall at stress and
at rest using invariant SH
shape descriptors (b)

1 0.119 0.025
2 0.054 0.050
3 0.124 0.05
4 0.2 0.11
5 0.051 0.030
6 0.112 0.064
7 0.062 0.082
8 0.122 0.167
9 0.030 0.034

10 0.080 0.088
11 0.063 0.017
12 0.082 0.154
13 0.058 0.11
14 0.184 0.09
15 0.128 0.068
16 0.083 0.025
17 0.038 0.027
18 0.064 0.067
19 0.15 0.124
20 0.109 0.226
21 0.058 0.056
22 0.186 0.046
23 0.311 0.352
24 0.120 0.089
25 0.069 0.141
26 0.164 0.131
27 0.234 0.108
28 0.057 0.112
29 0.135 0.081
30 0.247 0.079
31 0.239 0.292
32 0.123 0.077
33 0.041 0.094
34 0.059 0.349
35 0.499 0.317
36 0.299 0.322
37 0.4275 0.181
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O2 object of Fig. 6 and we generated eight different triangular
meshes. The number of data points varies from 122 to 6586 and
that of triangles from 238 to 13,120 (Table 2). We computed the
shape descriptors of each mesh j (j: 1, . . . , 8) as described in Sec-
tions 2 and 3. Then we calculated the root mean squared distance
(Drj) between the mesh j used as an input and the model j as fol-
lows (Eq. (10)):

Drj ¼ 1 njvertices

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXi¼njvertices

i¼1

jRiObjetj
� RiModelj j

2

vuut,
ð10Þ

where RiObjetj
(respectively RiModelj ) stands for the distance separating

the vertex i of the mesh j used as an input (respectively the vertex i
of the spherical harmonic model j) from the origin and njvertices de-
notes the number of vertices of the mesh j (respectively the spher-
ical harmonic model j) used as an input.

Table 2 sums up the average distances between the eight origi-
nal objects and their models. Fig. 15(a) and (c) shows the rendered
surface of the O2 object represented by meshes with 121 and 6562
vertices, respectively. Fig. 15(b) and (d) illustrates the reconstruc-
tion of the original O2 object using as an input mesh 1 and mesh 8
up to degree 4, respectively. Although there are a few data points,
the original object is correctly reconstructed. It can be concluded
Table 2
Estimated distance (Drj) between the original object (j: 1, . . . , 8) and the reconstruction u

Synthetic object Mesh 1 Mesh 2 Mesh 3 Mes

Vertices number 121 441 1681 3721
Drj distance 26 � 10�4 3.98 � 10�4 0.569 � 10�4 1.0 �
that the spherical harmonic global description is robust (Table 1,
Fig. 16).
6.1.3. Robustness of the 3D invariance
In this section we present the results obtained using the invari-

ant 3D shape descriptors to test their robustness with respect to
translation, scale and rotation. For this purpose, we translated,
scaled and rotated (Fig. 17), the synthetic O4 object (Fig. 10). We
modeled the transformed objects and extracted their invariant
descriptors. We computed the distance (Eq. (9)) between the origi-
nal and the translated object (respectively scaled and rotated). The
results demonstrated that the shape descriptors were robust with
respect to translation, scale and rotation.
6.2. Shape analysis of the left ventricle of the heart

This section is devoted to real data analysis. We present the
shape analysis of the heart’s left ventricle (LV) in 37 patients at
p to degree 4.

h 4 Mesh 5 Mesh 6 Mesh 7 Mesh 8

5041 5477 6085 6562
10�4 1.0 � 10�4 1.0 � 10�4 0.996 � 10�4 0.169 � 10�4



Fig. 23. Endocardium wall invariant distance (stress–rest) in terms of epicardium wall invariant distance at stress–endocardium wall invariant distance at rest).
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stress and rest respectively using spherical harmonic functions and
scintigraphic images (Fig. 18).
6.2.1. Global shape description and deformation quantification of the
heart’s left ventricle

The triangulated surfaces of these anatomical structures
(Fig. 20.) were parameterized. Their shapes were expressed
through spherical harmonic coefficients and their invariant spher-
ical harmonic descriptors were extracted as described in Sections
2–4.

For the two examples (Figs. 21 and 22), we analyzed the scinti-
graphic data of one healthy patient and one pathological case
respectively. Fig. 21 shows an example of the rendered surface of
the epicardium wall at stress and rest respectively for one healthy
patient (Fig. 21(a) and (c)) and epicardium modeling with SH mod-
el at stress and rest, respectively (Fig. 21(b) and (d)).

Fig. 22 shows an example of the rendered surface of the epicar-
dium wall at stress and rest respectively for one patient (Fig. 22(a)
and (c)), epicardium modeling with SH model at stress and rest,
respectively (Fig. 22(b) and (d)).
6.2.2. Deformation quantification of the heart’s left ventricle
Nowadays, the most common evaluation technique of the myo-

cardium disease extent and severity in a CAD patient is a quantita-
tive evaluation that gives the summed stress score (SSS), the
summed rest score (SRS) and the summed differences score
(SDS = SSS � SRS). This technique allows the evaluation of perfu-
sion but does not take into account wall motion which is an impor-
tant parameter in myocardium viability assessment.

The present approach proposes a quantitative analysis of mo-
tion based on numerical distances obtained from invariant spheri-
cal harmonic descriptors. Eq. (9) is used to compute two distances
D1 and D2. D1 refers to the distance between the epicardium wall
and the endocardium wall at stress (Table 3a). D2 is the distance
between the endocardium wall at rest and that at stress (Table
3b). It is expected that healthy subjects are those whose D1 and
D2 are high, critically-affected CAD patients have low D1 and D2
and moderately-affected patients have intermediate D1 and D2
values. The curve D1 in function of D2 is plotted to check this ex-
pected classification (Fig. 23).

Most patients were well-plotted on the curve. Some healthy pa-
tients were closer to moderate ones and some moderate patients
were closer to critically affected ones. These ambiguities could be
due to:

� segmentation and closed contour approach which is manipula-
tor-dependent and improves with expertise and experience,
� dynamic stress or pharmacological stress test,
� patient’s gender,
� clinical data (diabetes, hypertension, . . .).
7. Conclusion

In this work, we presented a new technique to generate triangu-
lar mesh surface parameterization and characterize 3D surfaces by
invariant spherical harmonic shape descriptors. First, an initial
continuous mapping was achieved in spherical coordinates based
on a heat conduction model as described in (Brecbühler et al.,
1995; Quicken et al., 2000). Then, the initial parameterization
was modified in a constrained optimization procedure to obtain a
homogenous distribution of the vertices on the unit sphere surface.
The parameterization controlled by the geometry of the original
shape minimized local distortions and area uniformity.

The new algorithm we developed enabled us to parameterize
3D triangular mesh surfaces of objects with a spherical topology
into a series of spherical harmonic functions. This global descrip-
tion proved effective even for surfaces represented by a reduced
number of points.

Since we were interested in measuring and analyzing object
deformation, the invariance of the spherical harmonic descriptor
set was accomplished to eliminate differences due to rotation,
translation and magnification. The translation invariance was per-
formed by placing the origin of 3D coordinates at the center of
gravity of the object. The scale invariance was achieved by choos-
ing the distance between the origin and the farthest point of the
object as unit of length. Finally, based on the harmonic analysis
and applying results from the representation theory, we extracted
rotation invariant 3D spherical harmonic descriptors using the
shift theorem.

The invariant shape descriptors obtained were tested on syn-
thetic 3D objects with a spherical topology. The robustness of
our method to characterize and analyze the shape with respect
to standard transformations allowed us to apply this approach
using medical data from myocardium SPECT. The 3D invariant
descriptors were used to analyze and quantify the left ventricle
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model deformation at stress and rest. The two most relevant calcu-
lated numerical distances were D1 and D2. D1 refers to the dis-
tance between the epicardium wall and the endocardium wall at
stress and D2 is the distance between the endocardium wall at rest
and that at stress.

Using D1 and D2 parameters, the classification of most patients
complied with our expected values, i.e. D1 and D2 are high for
healthy subjects, low in critically-affected CAD patients and inter-
mediate in moderately-affected ones.

This comparison between patients has been made possible by
our shape descriptors being rotation, translation and scale invari-
ant. Nevertheless, the real clinical evidence can be provided only
if we use a great sample population of healthy subjects (having
no hypertension, diabetes, rest electrogram abnormalities or any
known heart diseases) in order to determine the range of normal
values of the used parameters. This is an entirely ongoing clinical
exploration.

For better results and a clear-cut distinction between subjects,
our patient data basis needs to be improved and divided into
sub-classes according to gender and risk factors (diabetes, hyper-
tension, . . .). Furthermore, progress towards a regional analysis of
deformations should be made to better qualify and quantify the
disease extent.

The present procedure may prove particularly effective in quan-
tifying the disease progression in the same patient from one exam-
ination to another and checking the outcome of the intervention
(stent placement, coronary artery bypass graft).

To conclude, our approach can be used in the characterization
and shape analysis of any object with a spherical topology and a
closed surface, especially organ data obtained from various medi-
cal imaging techniques.
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