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Towards a unitary formulation for invariant image description" 
application to image coding 

Fa0uzi  G H O R B E L *  

Abstract  

Here, we introduce a joint topology and harmonic 
analysis formulation for the extraction of global shape 
descriptors which are invariant under a given group of 
geometrical transformations. The topology approach 
allows the rigorous definition of the notions of shape, 
shape space, the invariant features space, and a metric 
between shapes. Therefore a new definition of complete- 
ness is given. A stability criterion is defined mathemati- 
cally. Using harmonic analysis, a unitary operator that 
is able to separate the shape information and the geo- 
metric transformation, allows us to extract a relevant 
invariant shape descriptors under a given group of 
transformations. It also gives a robust method for the 
evaluation ofthe global object motion. In the closed 
curves, some three-dimensional surfaces and planar 
gray level image cases, such an operator becomes the 
Fourier transform on a given group. Therefore, under 
some assumptions, a complete convergent set of inva- 
riant features exists and can be constructed. We derived 
from this a shape metric. Recent developments in image 
coding domain for moving pictures offer new perspec- 
tives to the application of the image invariant represen- 
tations of regions and contours. Therefore, we intend to 
illustrate the importance of our approach in image 
coding and indexing applications. 

Key words : Image coding, lnvariance, Pattern recognition, Topo- 
logy, Harmonic analysis, Geometrical shape, Geometrical transforma- 
tion, Plane geometry, Three dimensional space. 

VERS UNE F O M U L A T I O N  UNITAIRE DES 
DESCRIPTIONS INVARIANTES D ' I M A G E  : 

APPLICATION AU CODAGE D' IMAGE 

R6sum6 

Dans cet article, une formulation conjointe prove- 
nant de la topologie et de l'analyse harmonique du 
problkme de l'extraction de primitives invariantes en 
vue d'une description de forme dans un cadre gdn(ral 

est proposde. Ces descripteurs sont invariants par rap- 
port ?tun groupe de transformations g~om~triques 
donnL L'approche topoIogique permet la d~finition 
rigoureuse des notions de forme, d'espace des formes 
et d'espace des invariants menant ?tune nouvelle de la 
compl~tude et de la stabilitd. L'application de l'ana- 
lyse harmonique, par la construction d'un op~rateur 
qui est capable de s~parer l'information de transfor- 
mation g~om~trique de celle de forme, permet l' extrac- 
tion de descripteurs invariants pertinents par rapport 
it un groupe de transformations donnL Une mdthode 
d'estimation de mouvement robuste est ggaIement pos- 
sible it partir de cet opgrateur. Dans le cas des 
contours fermds, des images planes it niveaux de gris 
et de certaines surfaces tridimensionnelles, cet opgra- 
teur correspond exactement it la transformation de 
Fourier sur un groupe. On en d~duit, alors, quand il 
est possible, une famille d'invariants complkte et 
convergente ou stable. Les r~cents ddveloppements en 
codage d'images anirr~es offrent de nouveIIes perspec- 
tives aux mgthodes de reprdsentations invariantes des 
r~gions et des objets contours. Dans cet article l'im- 
portance de cette approche pour le codage d'image 
orient~ objet ainsi que dans les applications de type 
indexation est illustrde. 

Mot~-cl~s : Code Image, Invariance, Reconnaissance forme, 
Topologie, Analyse harmonique, Forme, Transformation, G~om6trie 
plane, Espace tridimensionnel. 
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INTRODUCTION 

The central goal of pattern recognition is to make 
computer intelligent. The importance of invariance to 
pattern recognition systems has been recognised. Inva- 
riance is a property of geometric configurations which 
remains unchanged under an appropriate class of trans- 
formations. The fundamental difficulty in recognising 
objects from images is that the appearance of a shape 
depends on viewpoint. Invariant parameters which can 
be measured directly from images, are used as shape des- 
criptors. Many applications use invariant features such as 
robotic vision, shape classification in biologic or medical 
imaging, speech recognition, radar signature and so on... 

The main classes of geometrical transformations of 
interest for image analysis applications are Euclidean, 
affine and projective. It is useful to classify these classes 
of transformations into a hierarchy which is based on 
the generality of the transformation. For example a pro- 
jective transformation is more general than a Euclidean 
transformation because it applies to more situations and 
consequently there are fewer invariant properties. It is 
also important to precise the type of function which 
represents the object, whether it is a curve, a surface or 
a gray level volume. 

Numerous approaches in image analysis domain have 
been developed for constructing invariant features, as the 
invariant moments [1, 2, 3] Fourier descriptors [4, 5, 6], 
Fourier Mellin transform [7, 8], the M-transform [9] and 
curvatures [10]. 

Invariant features extracted by differential geometry 
are local (Euclidean or affine curvature...) and serve to 
describe curves and surfaces independently of Euclidean, 
affine and projective transformations [10, 11, 12]. 
Methods based on harmonic analysis give global inva- 
riant descriptors. With such an approach, we can formu- 
late invariance problems for new kind of objects such as 
planar grey level, three dimensional grey level objects or 
some kind of parametric three dimensional surfaces [7, 
13, 14,15]. Within the context of practical applications, 
the invariant descriptors should necessarily verify a num- 
ber of criteria. The following is a non exhaustive list : 

1. The fast computation. 
2. The powerful discrimination useful for object 

classification. 
3. The completeness: All geometric objects related 

by a transformation will have the same invariant values. 
However, the converse is not generally true. Namely, 
two geometric objects with the same values of invariant 
features need not be related by a transformation. Com- 
pleteness means that the invariant descriptors characte- 
rise the shape uniquely up to a transformation. 

4. The stability: it guaranties that small shape varia- 
tions are traduced by a small difference in the values of 
invariant parameters. 
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5. The definition of a metric between shapes : it has 
to be a right physical mean. 

6. The invariance of the used curves or surfaces 
algorithms with respect to the considered transforma- 
tions (Euclidean motion, affine motion, projective...) 
[19, 20]. 

The existence of a set of invariant features verifying 
such criteria depends upon the complexity of the consi- 
dered scene : planar contours, grey level planar objects, 
three-dimensional surfaces, grey level three-dimensional 
volumes (useful in medical applications). It also depends 
on the considered class of geometric transformations, 
whether they are projective, affine, Euclidean. 

In this paper, we propose a unitary joint topology 
and harmonic analysis formulation for the construction 
of global invariant descriptors verifying most of criteria 
cited above. The topology formulation is introduced to 
precise the shape notion, the invariant features, the 
shape space and the invariant features space. Therefore 
a rigorous definition of completeness, metric shape, sta- 
bility, is given. By the harmonic analysis, we intend to 
construct a unitary operator which is able to separate the 
shape information and the geometric transformation 
one. This property gives two main results. First, it 
allows us the extraction of invariant shape descriptors 
under a given group of transformations. Next, it gives a 
relevant robust method for the estimation of the global 
object motion. Under some assumptions, this operator 
corresponds exactly to the known Fourier transform on 
a group. This approach gives satisfaction results in some 
cases such as the closed curves (submitted to the planar 
Euclidean or planar affine transformations), three 
dimensional surfaces and the planar grey level images. 
Here, we intend to give some answers to the complete- 
ness in these cases since the Inverse Fourier transform 
exists. Therefore, a complete and convergent set of 
invariant features could be constructed. A shape metric 
can be derived as well. 

Recently, pattern recognition offers new perspectives 
and new methodologies for the object oriented image 
coding. Then, we illustrate the application of the propo- 
sed approaches for invariant features constructions in 
this context. 

The paper is organised as follows: in section I, we 
introduce the joint topology and Harmonic analysis 
approach for the mathematical formulation of the geo- 
metric invariance in imaging system. In section II the 
cases of objects represented by a closed planar contour, 
are presented. The invariance with respect to Euclidean 
motions is considered. Such restriction allows us to 
illustrate Stability property by the construction of a 
complete and stable set of invariants [17]. We also show 
that the natural shape metric is the Hausdorf one which 
allows us the estimation of the rigid motion of closed 
planar contours with uniqueness. Afterwards, affine 
transformations are considered in section III where a 
complete and convergent set of invariant features under 
planar affine motions is proposed. With the same 
approach, the invariant description of planar grey level 
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object is studied in section IV. A complete and conver- 
gent set of invariant descriptors with regard to planar 
similarities is presented [7]. In section V, shape inva- 
riant representations of three dimensional objects (sphe- 
rical shaped form, Toms-shaped form surfaces and 
general grey level volumes) are constructed with the 
proposed approach.. In this case, we underline that the 
obtained descriptors are relevant. However, complete- 
ness are not reached in spite of the existence of the 
Fourier transform. 

Finally, in section VI, we describe the application of 
the model developed in section I in the case of planar 
closed curves with planar Euclidean motions, to the 
image coding domain. Object-based coding, for 
example, uses shape representations that should verify : 
completeness for the reconstruction, stability for the 
robustness under errors of transmission and a small 
shape change, real time computation for the moving pic- 
tures and the definition of distances for object matching 
and estimation of global object rigid motions. 

This shape representation approach is very promi- 
sing for the new coding techniques. Improvements are 
also foreseen for more general formulations both for the 
type of object and the type of motion such as : 

- planar grey level images animated with planar 
rigid motion (Euclidean transformations), 

- planar closed contours moving in three dimensio- 
nal with rigid motion (planar affine or projective trans- 
formations), 

- surfaces animated with 3D rigid motion (3D Eucli- 
dean transformations), and 

- planar closed contours moving with three dimen- 
sional rigid motion (3D Euclidean motion). 

The application of this generalisation in coding will 
not be considered in this article. 

tion space T(n) which can be assimilated to R n. SA(n) is 
denoted as the special affine group. It is the product of 
T(n) by the special linear group SL(n) formed by all 
n-dimensional linear transformations having a unitary 
determinant. M(n) denotes the group of Euclidean 
motions which can be seen as the product of T(n) by the 
special orthogonal group SO(n). S ~s denotes the unit 
sphere of R ". All of these sets are topologic groups and 
locally compact. 

We denote the normed vector space of real vector 
functionsfdefined on a topological group G, by L p (G, Ix) 
verifying s,'p 

IIJ.: (oIlIcg ll +" 
where p is a real number greater than 1 and # is a posi- 
tive measure on G. 

We also denote the normed vector space of valued 
complex functions defined on G, by L p (G, IX) verifying 

1/P 

Ilfpll = (~f li(g)l d.(g) ) < 

H f I1,, represents a norm of f. We sometimes simply 

denote by LP(G) the general case. 

Finally, we denote the normed vector space of com- 

plex vector sequences {Urn} m ~ a defined on a sub set A 

of Z(the set of all integers), by IPc'(A) verifying' 
p, l ip 

I1{ v/r. represents a norm of the sequence { U,,}m CA" 

I. A JOINT TOPOLOGY AND HARMONIC 
ANALYSIS APPROACH 

I. 1. Notations and definitions 

Throughout this paper, we shall denote the n-dimen- 
sional real [res. complex] vector space as RL [res. C~], 
the multiplicative group of non zero [respectively posi- 
tive] real numbers as R* [res. R*+], the group of posi- 
tive planar similarities having the same centre SimO + 
and the multiplicative group of non zero complex num- 
bers as C*. With their topology, these groups have a 
topological group structure. We remark that all these 
groups are locally compact and Abelian. 

Let us denote by GA(n) the general affine group 
which can be seen as the product of the general linear 
group GL(n) which is formed by all of non singular 
n-dimensional linear transformations with the transla- 

I. 2. Topology formulation for shape representation 

! .  2. 1. Object and parametrisation, group action : 

Image analysis needs different kinds of/unction to 
represent planar contours, grey level planar images, three 
dimensional surfaces or volumes. It is important to dis- 
tinguish two types of object representation. First, the cal- 
led implicit or explicit functions are usually used to 
represent 2D or 3D grey level images. The uniqueness of 
such representations gives some advantages in image 
representations. The second type of representation 
concerns planar contours, curve in space and the surfaces 
in space. They are generally described by means of a 
parametrisation which is not unique. 

In this case, two groups act on the space of all possible 
parametrisations. A first group which we denote by G', 
acts linearly on the left. The second which we denote by 
G, acts on the right. Such an action can be reduced to a 
translation in G when an adapted reparametrisation is 
considered (arclength, affine-arclength, projective- 
arclength...) [24]. In the proposed formulation, it is impor- 
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rant to note that any object representation or parametrisa- 
tion function has its support contained in G. So the consi- 
dered objects is represented by a function of L2(G) which 
we call the representation space in general. So, the product 
group G' x G acts on L2(G, #) in the follow mean 

G" x G x L2(G, It) ~ L2(G, #) 

[(g', go), f ]  ---) g' o f o  go 
where : 

g' o f o  go) : G ~ R" or (7" 

g ~ g[f(ggo)] 

and ~ is an invariant measure on G which is assumed 
locally compact. In such kind of group an invariant exists. 

Harmonic analysis on G which consists of the defini- 
tion of Fourier transform on a given group is suitable for 
separating the shape description and the transformation 
information. Effectively, when Fourier transform on G 
exists, the shift theorem remains available. It transforms 
the right action on a left operation. It is useful for extrac- 
ting the transformation parameters from the object 
representation function. Therefore, both global object 
movement estimation and invariant features extraction 
under such action become simpler. 

When objects are 2D or 3D grey level images, G' 
becomes the trivial group, and G is the group of all geo- 
metric transformations which the searched descriptors 
have to be invariant. However, when objects are repre- 
sented by a parametrisation, G" is formed by the geometri- 
cal transformations and G represents all possible parame- 
trisations. In this case, G and G' are sub group of GL(n). 

Definition 1: We say that two images f and h have 
the same shape if and only if it exists an element (g', g) 
in G' x G such that g' O f O g = h (f and h will be assu- 
med belonging to L2(G) ) 

The relation have the same shape defines an equiva- 
lence relation in the representation space of object assu- 
med to be equal L2(G), since G' x G forms a group. 

I. 2. 2. Shape  and the metr ic  shape space : 

A shape could be defined as an equivalence class of 
images in relation through the action of G' • G.  

Proposition 1: The shape set ,~ is the topologic quo- 
tient space L2(G)@• o" 

This implies that the topology of the shape space is 
the quotient one. Such formulation explains mathemati- 
cally the object proximity between the object in the 
mean of their shapes since Proposition 1 defined neigh- 
bourhood in the shape space. 

Proposition 2: When G' x G is compact group then 
the shape space becomes a metric space and its natural 
distance which we denote by D, is defined as : 

D(F,H) : S ~   h ,,llmin min f -  hi[ L2(G) 

for all F and H in S. 
Proof'. It is well known that when the quotient space 

can be a metric space its natural distance is D defined in 
proposition 2 [37]. As the space shape is formed by 
equivalence classes which form a partition of compact 
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sets since any shape F can be parametrised by G' x G in 
the following mean: for any f belonging to L2(G) its 
shape is equal to the following set : 

f =  V= f ( G '  x G ) { g ' O f O g l ( g ' , g ) E  G" xG, f~L2(G)} .  

It is clear that F is a compact set. Therefore, when 
D(F,/-/) = 0 we have F = H. In the other hand, it is easy 
to see that D verifies the other distance axioms [37]. 

I. 3.  H a r m o n i c  a n a l y s i s  f o r m u l a t i o n  

The construction of a unitary operator or the Fourier 
transform on a group G, when it is possible, is the sub- 
ject of the Harmonic analysis. Such construction needs 
the determination of the Haar measure on G and a set of 
unitary and irreducible group representations. We begin 
with recalling some elements of such theory. 

I. 3. 1. Haar measure  

Definition 2: Let G be a locally compact group, ~ is 
a left invariant measure on G if and only ifg(gB) = g(B), 
for every g in G and B a Borel set of G. 

Therefore, for every function f i n  LI(G), we have : 

f go )d, (g) = f g)d (g) 
G G 

Definition 3: I~ is called a left Haar measure on G if 
and only if it is positive and left invariant. 

Haar showed that in any locally compact group G, 
there exists a unique left or a right Haar measure up to a 
positive constant. 

Definition 4: The group G is said to be unimodular if 
and only if the left Haar measure and the right one are 
similar. 

All Abelian or compact groups are unimodular. It is 
well known that GA(n), GL(n), SL(n), SA(n), M(n), 
SO(n) and S n-l are unimodular. 

Examples: 
- the normalized Haar measure in the real vector 

space R n is the Lebesgue one 

d~.l(Xl,X2... ,Xn) : dX l ,  OX 2 .... d x  n, 

- the Haar measure of the multiplicative group R* is 
d~(x) = dx/x. 

1.3. 2. Group representation 

Definition 5: Let H be an Hilbertien vector space. T 
is a representation of G if." 

1. T(g) is an endomorphism of H for all g in G. 
2. T(e) = ld H where Id H is the identical operator of 

H and e is the identity element of G. 
3. T(gg') = T(g) T(g') for all g and g" in G. 
4. T is continuous on G. 
Definition 6: T is irreducible if and only' if H has not a 

proper subspace S invariant with respect to T(T(S) cs S). 
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Definition 7: T is unitary if and only if the matrix 
T(x) is unitary,/or all x in G. 

Definition 8." Theset of all i~educible and unitary repre- 
sentations of G t&tt we denote G is called the dual of G. 

Proposition 2." If G is Abelian then G is a locally 
compact and Abelian group and any irreducible and 
unitary representation becomes a scalar. Then, there 

^ 

exists a unique normalized Haar measure ~^ in G. 
G 

I. 3. 3. Unitary operator and Fourier transtbrm on a group 

Definition 9." Let G is a unimodular group, m is his 
normalized Haar measure and assume that fbelongs to 
LI(G, ~). The following operator." 

)"~ 0~) = ff(g) [Tx(g)]-ld~t (g) (1) 
G 

will be called the pseudo-Fourier transform if and only 
if {T(g)~} forms a proper subset of all irreducible and 
unitary representations of G. 

As we said in the introduction of this article, Shift 
theorem is the main idea for the extraction of invariant 
parameters under a given group of transformations and for 
the estimation of the geometrical transformation parame- 
ters. This theorem is conventionally known as that of Fou- 
rier Transform. So, it is easy to see that its extension to the 
Pseudo Fourier Transform remains valid. 

Generalised shift theorem: Let G be a uninwdular 
group, I~ is his nornudized Haar measure and assume that 
f and h are two elements of L/(G, It). l f  flg) = h(gog) for 
each g and go in G, then we have the following relation 
between the corresponding pseudo Fourier transform." 

^ ^ 

f (X) = Tx(go)h(~, ) 
Proof 
When we substitute f(g) in the expression of the 

pseudo Fourier transform by h(gog), we obtain : 

a) =f h(gog) [T~(g)]-ldg (g) 
G 

Let us consider the change of variable u = go g: 

? a) u)]-ld. (go' u) 
G 

By using the fact that/.t is a Haar measure of G and 
T a is a homomorphism, we obtain' 

? 0~)= [Tx(g- o' u)]-lfh(u)[T~(u)]-ldg (u) 
G 

Using again the fact that T~ is a homomorphism, the 
theorem can be achieved. 

Definition 10: When all unitary and irreducible 
representations of G can be determined then the pseudo 
Fourier transform becomes the Fourier trans/brm on G 
if and only if in the expression (1), the set {Ta} is for- 
med by all these unitary and irreducible representations. 

Examples 

- I f G = R  n t h e n G = R  '~,forallAinR n 

R n 

is a multidimensional Fourier transform. 
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- If G = R*+ then G =R, for all ,~ in R 

f O0 = f(x)x- ix = +~f(x)x- ix- 1 dx 
R +  0 

is the known Mellin transform. 
When G is Abelian, the inverse Fourier transform 

exists and is defined by '  

I?  -1 f(g) =f(g) = (~,) [Tx(g) ] dg~ (M 
G 

^ ] A 

for f belongs to L ( G ,  g~) where la~ is the normalized 

Haar measure of G and Tz(x) is an irreducible and uni- 

tary representation of G[7]. 
When G = R*+, the dual group is the real line R and 

we have for every positive x 

1 f§ f(x) = ~ f (k)  x'~'d~, 
~ o o  

This is the inverse Mellin transform. 
In the Fourier transform space the action of G' • G 

is simpler and becomes only on the left 

2 ^ ^ ^ G' x G x L (G, ~) --~ L2(G, ~) 
A ^ 

[(g" go), f ]  -'-> g Tx(go)f 

I. 4. lnvar iance ,  comple teness  and stability 

Definition 11: Let J is an index set, a map I from the 
space of all object representations P to the complex vec- 
tor space C s, i.e. 

I: P = L2(G, ~t) > C s 

f > I ( f ) = { I n ~ ) , n E J  } 
is called invariant under the action of the group G'xG 
on P, if and only if I is constant on each shape (class of 
equivalence). 

When Fourier transform exists, the index J could be 
computed and it is the dual set of G ( J = G ). 

Proposition 3: Assume that the Fourier transform 
exists on G. Let I be an invariant map, it is equivalent to 
say that the following diagram is commutative. 

P = L2 (G)= L2 (G) > Lr(G) 

P 

S = P  

1 Ti 
/ 

G =  G' •  

where p Ires. i ] represents the projection map of P on 
G [res. inclusion o f l  in L r ~,, q is the space ofinvariants 
and is a finite real number (r > 1) or infinite. 

Completeness criterion introduced by Crimmins [34] 
could be formulated by the fact that the map 4' is one to 
one and onto. It is also easy to see that completeness gives 
only an algebraic identification (one to one) between the 
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shape space .,~ and the space of invariant features '7. 
However, in practice, we often need to know whether the 
analysed objects have close shapes or not. So, the inva- 
riant descriptors have to be able to evaluate the degree of 
similarity between shapes. Such invariant descriptors are 
usually called stable [12] 14 [17]. With our topology 
approach, a rigorous definition to the stability becomes 
natural. So, we propose the following definition 

Definition 13: A set of  invariants is said to be stable 
if and only if the map f defined in proposition 3, is conti- 
nuous on the shape space. 

The continuity is the property which conserves the 
neighbourhood notion. Therefore, with such definition, 
Stability expresses the fact that if two invariant repre- 
sentations have a small difference, the objects they 
represent should have a small shape difference. 

I. 5. Invariant  distance on the shape space 

A central problem in image analysis, in computer 
vision and in image coding is determining the extent to 
which one shape differs from another. The correlation 
and template matching can be viewed as techniques for 
determining the difference between shapes. In order to 
meet this goals, invariant descriptions could be used. 
The method consists on the computation of the Eucli- 
dean distance between these features. The obtained 
quantity is useful for the evaluation of the shape diffe- 
rence between images. In the following, we will give 
some responses to the two following questions: 

- When does the distance exist in the mathematical 
mean? 

- What distance do we have to choose? 

Proposition 4: The existence of a complete and 
convergent set of invariant features {l(f)} implies that 
the shape space S is a metric space with one of the fol- 
lowing metrics: 

(G, H) =((lI~v (~ ) -  I(h)(g)lP d]./~ (~))l/p + 

where p> l, f and h are two images having the shape G 
and H respectively 

When the complete set of invariants is stable, the 
topology induced by the invariant map on the shape 
space coincides with its natural topology (topology of 
quotient space). However, when D, defined in proposi- 
tion 2, is a metric, the distance dp is equivalent to D if 
and only if the map of proposition 3 is uniformly conti- 
nuous. In such situation the set of invariant features is 
said to be uniformly stable. 

II. P L A N A R  C L O S E D  C O N T O U R -  
E U C L I D E A N  M O T I O N  

We consider here the case of objects which could be 
represented with a planar and a closed contour and we 
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search to extract a set of invariants under Euclidean 
motion group M(2) by using the proposed approach. 
This construction will also be done by means of the pro- 
perties cited above. Such restrictions allow us to illustrate 
the stability criterion and the existence of distances in the 
shape space. First, we show that the shape space is metric 
and that its natural metric is the Hausdorf one. Next, we 
present the distance induced by a complete and stable set 
of invariant features constructed with our approach. 

II. 1. Object  and parametr isat ion,  group action 

Using the notation of section I, it is easy to see that 
the group G' corresponds to M(2) which could be seen 
as the product of C by S 1 . The suitable representation of 
planar and closed curve is a periodic parametrisation. In 
order to put all of these parametrisations in a space 
having known mathematical properties, we have to 
consider the same period for any parametrisation. This 
means that a normalisation procedure is required. There- 
fore, the group G (notation of section I) corresponds to 
the circle S 1 and the space of all normalised parametri- 
sations can be assumed to be equal to P = LZc(S 1, dO) 

On the other hand, it is important to note that for a 
given curve there are several parametrisations. The dif- 
terence between parametrisations for the same curve 
can be represented by the fact that the same arc is drawn 
with different speeds, when we want to extract inva- 
riants under Euclidean transformations. So, an arclenght 
reparametrisation is required. This fact implies that we 
go over the curve with a constant speed. Therefore, the 
following action summarises our formulation: 

(C x S 1) x S 1 N L2c(S l, dO) --~ L2c(S 1, dO) 

[(b, 0, So),f] --+ ei~ + So) +b 

In order to justify rigorously the arguments above- 
mentioned, we need to recall some definitions. 

Definition 12: A parametrisation is a C 1-immersion f 
of an interval I into the complex plane C or into the real 
plane R 2 

Definition 13: A periodic parametrisation is C I- 
immersion f of the circle S r (with T as radius) in the 
complex plane C. 

Definition 14: Two parametrisations f and h are 
equivalent if and only if h = fo$, where ~ is a change of 
variable ( ~' represents the speed). 

Definition 15: An object is a closed arc. 
Proposition 5: Any object 0 has a periodic parame- 

trisation from which we can extract a periodic normali- 
sed arclength parametrisation (n.a.l.p.). 

Proof of  Proposition 5: 
Le t fb e  a T-periodic parametrisation of an object O 

Sr--,  C 
t ~ x(t) + iy(t) 

The following parametrisationf* defined by : 

f * :  S 1 * ~ C  
s--) f(t-l(s)) 
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where 

;I s(t) -s f'(u)12 du and L = s'(u>ll = 2 du 
0 

is a periodic n.a.l.p; of O. t -1 represents the inverse of 
the arclength function s(t). 

So, we say that O 1 et 0 2 have the same shape if and 

only if for any two n.a.l.p, f and  h of O 1 and 0 2 respecti- 
vely, we have: 

(1) h(s) = ei~ + s o) +b 

for all s in S 1, where 0 and s o belong to S 1 and b is a com- 
plex number. So, 0 and b represent respectively the diffe- 
rence between the arclength coordinates of the starting 
points on each curve, the rotation angle and the translation 
between the two objects. It is also important to remark that 
equation (1) defines an equivalence relation in the space P. 

Definition 16: A shape is an equivalence class of 
objects in relation. So, the shape space is the quotient 
space o f P b y M ( 2 )  x Sl.i.e. S = L2c(SI)/M(2) X S 1. 

II .  2.  H a r m o n i c  a n a l y s i s  f o r m u l a t i o n  

As we have shown in section II. 1, G is equal to S 1 

and the harmonic analysis has to be applied to this 
group. The Fourier transform exists and conform to the 
classical Fourier coefficients of a complex function defi- 
ned on the unit circle. Shift theorem separates both 
shape and transformation information which can be for- 
mulated in the following lemma. 

Lemma 1: Let f and h be the n.a.Lp, of two objects 
having the same shape, then: 

an(J) = e i0 e2ninlo a~(h) + b~ n for all integer n 

where a n (f) and a n (h) are respectively the sequence of 
Fourier coefficients o f f  and h. 

Therefore, the application of harmonic analysis 
transforms the previous action in the only left one: 

( C  X S 1 ) X S 1 • I~. (Z) ~ I 2 (Z) 

[(b, 0, So), a , f ]  -+ e i0 eZranso a,0') + ba. 
since Fourier transform is an isometric map. So, the 
shape space .~ is isomorphic to/2(Z)/M(2) x S 1. Unfor- 
tunately, M(2) is not a compact group, then the shape 
space does not appear explicitly metrizable. 

II .  3.  O n  t h e  e x i s t e n c e  o f  d i s t a n c e s  o n  S 

In this paragraph, we intend to show the following 
important proposition in shape classification and motion 
analysis since it gives the expression of the natural distance 
between shapes and offers an efficient procedure which 
guarantees the uniqueness of rigid motion parameters. 

Proposition 6: The shape space S of closed contours 
relative to the planar Euclidean transformations is 

equal to 12(Z*)/ S 1 x S 1 and is a metrizable space. Its 
natural metric is the Hausdorf distance which can be 
reduced to the following quantity: 

= inf a.(h/klk;,  A(F, H) (s. o) E r 2 

{ _ an(h) 2}1\2 = inf [anOO e i(ns +0) 
(s, 0) ~ T2 n~Z* 

Proof of  proposition 6: 

From Lemma 1, it is easy to deduce that the 
sequence {an(f), for n in Z*} represents completely the 
curve up to a translation. Therefore we have' 

S 1 • S 1 X I2(LY ') --~ I2(Z *) 

[(0, So), a,(f)] -~ e i~  i('s § ~ 

This implies that the shape space is the quotient space 
12(Z*)/ S ix  S 1. The compactness of the group Sl•  S 1. 
involves that the shape space is metrizable with the metric 
D defined in section I. 

We will show now that D can be seen as the Hausdorf 
distance which is frequently used for the evaluation of 
distance between sets of points. Let F and H be two sub- 
sets of a metric space (X, d), then the following quantity 

A(F, H) = max(p(F, H), p(H, F)) 

where 
p(F,H) = max rain d(f, h) 

fEF  hEH 
is called the Hausdorff distance in the set of all closed 
and bounded subsets of X. 

As we have seen above, the shapes are equivalence 
classes. So, all the shapes are disjoint sets. In the Eucli- 
dean case and after elimination of translations, they are 
closed and bounded. Since any planar and closed shape 
relative to the Euclidean motion could be represented by 
the following compact set: 

f -= {(ei~ ., (0 ,  S ) ~  [0 ,27~]  x [ 0 , 2 / l ; ] }  

this one could be assimilated to the bidimensional Torus 
T 2. This fact proves that the shape space is metrizable 
[37]. So, the quantity p can be written as: 

p(F, H) = m a x  min II ei~176 
(0, s ) ~ T  2 ([3, v) E T  2 

ell3 einv an(h)[ll2(;,). 

Then, we have" 

p( F, H) =max min [l ei~ ein~ n(J') 
(O,s)~ "I a (l~,v)~ T z 

_ ei(13 - 0) ein0 , -  s) an(h)llll2(Z.) 

Using the following change of variable: 

u = / 3 -  0 and w = v - s  

the previous formula could be written as : 

p(F, H) -= max min Ilan99 
(8, s) E T 2 (u, w) G T 2 

- eiu ein~,  tt,~ll 2 "n\"Jlll (Z*) 

ANN. 'r~ECOMMUN., 53, n ~ 5-6, 1998 7/19 



F. GHORBEL. -- TOWARDS A UNITARY FORMULATION FOR [NVARIANT IMAGE DESCRIPTION 249 

The quantity inside the norm does not depend on 0 
and s. So, p(F,I-I) Hausdorff distance can be reduced to : 

= eiU inw p(F, H) min llanO- e an(h)llt2(z,) 
(u, w) E T 2 

In the same way, we can prove that : 

p (f ,  ~ = dO';/4) = d(F,/4) 

Finally, it is easy to see that : 

A(F, H) = D(F, H) = max(h(F,/-/) h(F, H)) 

1 _ i [ n l % - n o r  in (q>l- %) 
a. 0q = ~n q).o_-Tg ~ 1 .o---~:w-~ ]e 

P q 

[;n [ o r no- n ;  

This shows the completeness of this set of inva- 
riants. The stability can be obtained by showing that the 
map 4, defined in Proposition 3 is continuous on the 
shape space. The proof is detailed in [14]. 

= d (/4)= d(F, H) 

II. 4. A complete and stable set of invariants : 

In this paragraph, we recall the complete and stable 
set of descriptors invariant with respect to the starting 
point on the curve and the planar Euclidean transforma- 
tions introduced in [17]. 

For all p and q positive real numbers, the following 
sequence of complex numbers: 

I . . . .  a~o-n,(f) a~-n,(D a T ~'(f) 

r - an J) I n,-n- lan,O01 ?11 --  n - - q  

/ n q ? = o  

for Go(f) :~ 0 and 

G(J)  :# 0 

for Go(D = 0 or 
a,,(/') = 0 

which belongs to /2t(%-n~)(2), forms a complete and 
stable set of invariant features with respect to planar 
Euclidean transformations and curve parametrisations. 

The set {I~} is convergent because it belongs to It(2) 
for a given r >1 since: 

[ , 2 \no-hi2 

--I ,mrla,o lqll{a=0%,,, 
Therefore {I~} belongs to 12/(no-n1)(2). It is more 

convenient to compute Euclidean distance between fea- 
tures when, for example, some discriminant analysis algo- 
rithms are used for object classifications. So, n o and n l 
have to be chosen such that no-n1=1 ({/Jd')} in/2(2)). 

By using Lemma 1, the invariance can be easily 
obtained. 

For Go(h) 4: 0, G (h) ~ 0 and an(h) 4:0 we have : 

I n (h) = 
a~o _ n, e2nin(no- nOI o anno- n, ( f ) a  n,-  n e2nin(n,- nol o a n~- n (f)a ~- ~o 

2rcinl(n-no)Io,qn - n  I / n l - P - n o - q  n c n -  p n-no-  q 
e --n g).a Gor anoq') 

By denoting: % = arg(GoO'))and r = arg(G 0% 
the Fourier coefficients of a n.a.l.p, of any object ca'n be 
expressed only according the set of invariant features 
{In} up to an Euclidean motion and a starting point on 
the object 

8t19 

II. 5. The distance induced by invariants 

It has been shown in [18], that completeness and sta- 
bility properties induce the existence of a distance bet- 
ween shapes which have a right physical mean. Such a 
result is very important in object matching problems and 
object classification. This distance can be expressed as : 

d2/no._n, (F, H)= ({I n (f)}, {I n (h)})= 

( ~  2 Cno-. )/2 
- ~(h)  /(no- n,)) InO') 

Two fundamental remarks can be done: 
- The set of invariants defined above is also inva- 

riant under the group of planar and positive similarities 
which is not a compact set. Moreover, this set of inva- 
riants makes the corresponding shape space metrizable, 

- The distance D and the one induced by this set of 
invariants define an equivalent topology but they are not 
equivalent. In order to obtain this result, the uniform 
continuity of the map 0 is required. With this condition, 
the set of invariants is called complete and unilbrmly 
stable. The existence of such a set is not known until now. 

III. PLANAR CLOSED CONTOUR AND 
SPECIAL AFFINE MOTION 

Here, we study planar closed contours with affine 
motions. We show how to represent dimensional space. 
This contour is projected on the image plane. The move- 
ment can be described with affine transformations if we 
assume that the contour is enough remoted from the 
camera. A complete set of invariants will be extracted 
under such transformations, afterwards, we give some 
precisions about possible shape distances. 

III. 1. Object and parametrisation, group action 

Following the notation of section I. 1, the group G' 
of the present case is the special affine motion group 
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SAC2) = R 2 • SL(2). The choice of the suitable parame- 
trisation which we will develop later, implies that G is 
equal to S 1. The formulation of such problem can be 
described in the following operation: 

1 2 2 
(R 2 X SL(2) x S ) x LR2 (S 1 ) - +  LR2 (S 1) 

[(B,A, 1o), Un(f)]---> Af(1 + lo) + B. 

In order to validate this schema, we have to remind 
some definitions about affine geometry. 

Propositions 7: Any object 0 has a periodic parame- 
trisation from which we can extract a periodic normalised 
affine arclength parametrisation. 

Proof of Proposition 7: 
Let fbe  a T-periodic parametrisation of an object O. 

The quantityJ~* defined by : 

S 1 ---) R 2 f 
* �9 

where 

1 ~ f ( t  -1 (1)) 

T 3 , , f; 
is a periodic normalised affine arclength of the object 
0./-l (t) represents the inverse function of the affine 
arclength function l(t), and let denotes the determinant 
operator. 
Definition 17: We say that two objects q and 0 2 have 
the same affine-shape if and only if 

h(t) = Af(l +lo)+ B 

where f and h are respectively a normalised affine 
arclength parametrisation of 01 and 02, A an element of 
SL(2, R) and B is a vector of R 2. 
It is also important to that the last action defines in the 
space P = L 2~ (S l) an equivalence relation. 

Definition 18: An affine shape is an equivalence class 
of objects in relation. So, the c~ne shape space is the quo- 
tient space of P by the product group SAC2, R) x S 1 = .,~ 

Harmonic analysis formulation is available for the 
group S ~. The Fourier transform in the case is the Fou- 
rier coefficients of an affine arclength parametrisation of 
a given curve. The inverse Fourier exists, due to the fact 
that each element of L2R: (S 1) can be expanded into Fou- 
rier series. So, the following lemma gives the relation 
between Fourier coefficients o f f  and those of h. 

Lemma 2 (Shift theorem): Let f and h are respecti- 
vely the normalised affine arclength parametrisations of 
two objects having the same affine-shape then: 

Un(h) = e 2~i";~ a Un(h) + B &  

Jor all interger n, where Unq) and Un(h) are respectively 
the bi-dimensional vectors formed by the Fourier coeffi- 
cients of each component o f f  and h. B, A and I o are 
assimilated respectively to a translation vector, a spe- 
cial linear trans)brmation and the difference between 
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affine arclength coordinates of the starting point on 
each curve. 

After normalisation with respect to the translations 
as we have done in the Euclidean case, the action on the 
Fourier space is reduced to the following operation : 

(SL(2) • S 1 • 122 (Z*))  ---> I22 (Z*)  

[CA, Io), f] --4 ein;~ A Un(j) 

Therefore the affine shape space . ~  becomes the quo- 
tient Ic~2 (Z*)/SL(2)x S 1. Unfortunately, it is important 
to note that the natural topology of the affine shape 
space is not metrizable since SL(2) is not a compact 
group because, for example, it contains the unbounded 
sub group Ga: 

Ga = c~ 

To get rid of this handicap, we propose to construct, in 
the forthcoming paragraph, a complete and convergent 
set of invariants under special affine motion group and 
parametrisations which induce a distance on ~ 

1II. 2. A complete set of invariants 

In the following theorem, we intend to derive a com- 
plete set of invariant features under special affine 
motions and parametrisations. It is important to under- 
line that the normalised affine parametrisation of an 
object O is a periodic fucntion f from n interval to the 
real plane. So, the Fourier coefficients of f which we 
denote {Unff) } belongs to 122 (Z) 

Theorem 1: The following two sequences of complex 
numbers: 

=ldet (v#>, s'kg> =ldet% >, v#>)l 
Jlk(f) =[det (Uk,(f), Uko(f))]tq-kz[det (Uk,(f), Uko(f))] ka-k 

[det(Uk (f), Uko(f))] k-~ 

%r all k E N/{0, k 1, k2} 

fik,(f)--]det (Uk (f) ,UkJ)) I, J22(j") --Idet (Uk (f),Uk,(f))[ 

j2( f )  =[det (Uk(f),Uk3(f))] lq-< [det(UkJ), Uko(f))] k2-k 

[det(Uk,(f), Uko(f))] k-k' 

for all k ~ N/{O, k I, k2} 

form ct complete set of invariant features under the 
group SAC2, R) and the curve pammetrisations. 

Proof." 
Invariance: Let f and h be respectively two normalised 
affine arclength parametrisations of affine shapes F and 
H. As we have seen above, Shift theorem implies that : 

k(f) = e2nik/~ A Uk(h) for all k ~ Z* 
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Therefore : 

4,(h)  =[det(e2i~kd~ (h), e2ia~'~ 

=*e2iaIk'+k~176 (If))] I xl 

=Jdet(Uk,g),Uko(f))! = Jlk(f) U k = x 2 

The same proof can be obtained for the feature J~. 
For all k ~ N/{O, t" l, k2} 

J~,(h) = det A { e 2i'~k + ko)(k,- k=),o[det(U~Oe), U~o(t'))] ~'- < 

elia(k,+ ko)(k:- e)zo[det (Uk,(D, Uko0,-))]~=-* 

e 2 i~+ <)(~- ~')~~ U&(/))] k- ~'} 

= e2in(k+ ko)(kt- kz)+(k,+ ko)(k:- k)+(ke ko)(k- kOlojl(f) =j~(],) 

By substituting the interger k o by k 3 in the formula of the 
second set defined in theorem 1, the proof of the inva- 
fiance under SL(2) and parametrisation for this set 
becomes similar to those of the first set. 

Completeness 
The basic idea of the proof consists in showing that the 
knowledge of the invariant features allows the determi- 
nation of a normalised affine arclength parametrisation 
up to a special affine transformation and a starting point 
on the curve. 
Let us denote by 01 = arg {det(Uk , Uko)}, 

0 2 = arg { det(U k , Uko)} 

03= arg {det(Uk,, Uk~}, 04= arg {det(Uk, Uko } and 
05= arg {det(Uko, U~}, where arg(z) represents the 

argument of the complex number z. 

So, for all k E N/{O, k 1, kz}, we have : 

[ d e t ( U k ,  Uko) ] ___ [j1]l/k,-kz[jl~z-k/kz-k, [jl]k-k,/kz-k, 

i01(~+ k)+ Oz(k- ki) 
e ,~ = ~, (a) 

We also have : 

i03(k:- k)+ 04(k- kO 
e k: • k, (b)  

For clarity, we propose to denote now the following 
quantities by : 

kay3 

and = (c) 
c det(U e U~) 

Using the above notation, equation (c) can be summari- 
sed by the following linear system : 

a2x _ alx 2 = c 1 

b i l l -  blx: = c 2 

The unique solution of this linear system is' 
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c2a 1 - Clb 1 

alb 2 - a2b l 

c2a 2 - clb 2 

alb 2 - azb I 

_ _ I  c2a l - c lb  1 ] 
= e-J05 

J20 [ c2a2- Clb2]  

Using equations (a) and (b), it is easy to see that the 
Fourier coefficients U k can be expressed only with the 
two invariant sets and the five argument values : 

U k = F(J~, j2, O1 ' 02 , 03 , 04 , 05) 
They correspond to the special affine transformation and 
the starting point on the curve since there is a relation 
between these five parameters. A representative curve of 
the considered affine shape can be reconstructed using 
the Fourier expansion. This achieves the proof of the 
completeness. 

III .  3.  A n  i n v a r i a n t  d i s t a n c e :  

The set of invariants defined in theorem 1, is not 
convergent. Therefore, it does not induce a distance bet- 
ween shapes. For this reason, we propose to define ano- 
ther complete set of invariants which is convergent in 
the following theorem: 

Theorem 2: The following two sets of complex 
numbers : 

l~ (f)  = Idet(Ukl,Uko)I, 112 = I det(Uk2,Uko) l 

l~(f) = [det(Uk, Uko)] kl - k2 [ d e t ( g k l , g k o ) ] k 2 -  k 

[det(Uk2,Uko)]k- k, [det(Ukl ' Uko)]k- k 2 +p 

[det(Ukl, Uk0)]kl- '~ + q 

for all k E N~ {0, k~, k2} 

I21(f) = [det(Ukl,Uk3 I, 122(f) = I det(Uk2,Uk3 I 

12(f  ) = [det(Uk, Uka)]kl - k 2 [det(UkfUka)]k2- k 

[det(Uk2,Uk3)] k - k 1 [det( Ukl,Uk3)] k - k 2 + p 

[det(Uh,Ukg] h-k+q 

for all k ~ N~ {0, kj, k2} 

form a complete and convergent set o f  invariant features 
under special affine motion and parametrisations, when 
p and q are two strictly positive real numbers. 

Proof  o f  convergence: 
Here, we will show that the invariant set belongs to a 

given U(Z), where a > 1 : 

= ) l '  ' 1 2 det(UkfUko ) i111~, idet(Sk, g~ ~ ,~/k -k ? ~p 

Idet(gk,Uko) lq for all k ~ N~ {0, k 1, k2} 

It is easy to see that : 

E I/~ I = -- [det(g k , g  k )]=P I det(Sk2,Sko) I c'q 
1 0 

s ] det( gk, Sko leak1- k2) 
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In the same way, we can obtain the same result for 
the second set 

211~, 1~'= [det(Uk ,Uk )]=P I det(Uk ,G ) I'~q 
1 3 2 3 

5~ } det(Uk, U/% 1cr162 - ha) 

By using the well known inequality for the determi- 
nant function, we obtain : 

II{Ik}llz  <-II }llt  + I1{I  }Ilia -< [det(Sh, U%)]P 

]deft Sk2,U%)lqllUJ2 0:1 -k2)(]~[[U~I ~ k l  -k2>) TM 

+ [det(U~:l,Uk3)]P ]deft Uk2,Sk3) I q 

Which implies : 

I){lk}]ltct-< {[det(Ukl,U%)]e I det(U~,S~:o)[qllSkoll2 (t~ -k2) 

+ [det(Ukl,Sk3)] p Idet(Gz,Sk3) lqHG3ll2(kl-k2>} 

Therefore, we have shown that the set of invariants 
is convergent and belongs to U(Z) when the Fourier 
sequence also belongs to l~ -k2)(Z). The Euclidean 
distance between invariants could be used for the spe- 
cial case of: ct = 2 and (k 1 - k 2) = 1. 

Such result is very important in object matching pro- 
blems and shape classification. So, as we have seen in 
the general case (section I), the shape space S becomes 
a metric space with this following set of metrics : 

dc~CF, H)=ll{l~Cf)}- {/~(h)}[l/a = (~ [l,(f)-/~(h) [c~) TM 

for any real number ct such that ~ > 1 where f and h are 
two n.a.l.p, of objects having respectively affine shape F 
and H. 

This is another way to obtain a rigorous distance on 
the affine shape space. But, in this paper we do not 
prove the stability which guarantees that the distance 
defined above induces an equivalent topology onto the 
natural quotient space. However, stability can be shown 
easily because in practice we compute the discrete Fou- 
rier transform (DVr). This involves that both the inva- 
riant and the parametrisation spaces become finite 
dimension vector spaces. 

Therefore, a projection theorem for continuous func- 
tions is available [37]. 

IV. PLANAR GRAY LEVEL OBJECTS 
AND SIMILARITIES 

Let us consider now one of the crucial problems in 
image representation; it concerns the invariant descrip- 
tion of planar gray level images under planar similarities. 
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IV. 1. Group actions and shape space 

Following the notations of section I, in the case of 
planar gray level images with respect to similarity trans- 
formations, the group G' is reduced to the trivial group 
{IdR}, G contains all positive similarities centred on the 
origin of axes, forms a commutative group isomorphic 
to the space of polar coordinates : 
G = { (r, 0), r > 0, and 0 belongs to [0, 2aI } = R* x S 1 
with the well known multiplication 

(r, 0), (r', 0') = (r, r', 0 + 0') 
G is a locally compact group. The normalized Haar 
measure is 

dp(r, 0) = dr/rdO. 
The suitable object space is L2(R * x S 1, dr/rdO), there- 
fore the formulation of the invariance problem can be 
summarised with the following action : 

(R*+ x S') • L~(R* x S 1, dr/rdO) --) L2(R*+ x S 1, dr/rdO) 
[(tz, fl), f ] --)f((x r, 0 + t3). 
Harmonic analysis in such commutative group has been 
studied in [7]. The dual of G is the commutative group 
R x Z. So it is immediate to see that the Fourier trans- 
tbrm on G is defined as : 

+ ~ 2 ~  

(3) j~(k, v ) =  Mr(k, v)= ~ ~ f(r, 0)e -ik0 r -i'" drdo, 
5 r 

for k ~ Z and v ~ R. 
It represents the Fourier Mellin transform of a two 
dimensional image f (r, 0) expressed in polar coordi- 
nates. The origin of the polar coordinates can be taken 
in the image centre of the gravity in order to obtain the 
invariance under translations. However it is important to 
note that the integral defined by formula (3) diverges in 
general. The convergence can be obtained by conside- 
ring the analytical Fourier Mellin transform [7] 

+ o~ 2"rr 

Mf (k' s = -~176 + iv) = I f f (r' O) (fikO r-s dr 

for all % > 0 ,  k E Z a n d v  E R. 
This integral converges for the positive values of the 

real part of the complex number s. 
From the commutative harmonic analysis, the 

inverse of the FMT (n:~rr) exists and can be written as : 

f (r, O) = Z I  Mf (k, c o - iv) eik~ r-~ +iv dv. 

This is important for the definition of a complete set 
of invariant features and then for the reconstruction of a 
distance between gray level shapes. The relation bet- 
ween the analytical Fourier Mellin transform (AFMT) of 
tWO images f and g having the same shape (g(r, O) = 
f(~r, 0 + 13)), where a is assimilated to a scale factor 
and/3 is a rotation parameter, is given by the following 
system of equations (shift theorem applied to AFgr) : 
Mg (k, s = -%-iv)  = o~Seik/~Mf (k, s) 
for every integer k, for all real number v and for a fixed 
positive value %. So, in the following diagram we can 
see the action on the analytic Fourier space : 
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(R* x S 1) x L2(R x Z, dv | dS) -~ L2(R x Z, dv | dS) 
[(a, 13), My] --+ a s e ik[3 Mf (k, s) 
where 8 is the discrete measure on Z. This implies that 
the planar gray level shape space is the quotient space 

L2c(R x Z, dv | dS)/R . x S 1 

Unfortunately, the distance D defined in section I, does 
not exist because G is not a compact set. In the following 
paragraph, we construct a complete and convergent set 
which allows us to define a metric between shapes. 
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that there is more 3D available, either as range data 
(obtained by stereo measurement) or as a complete 3D 
lattice data (obtained by computerised tomography). 
There are two aspects of shape due to the type of the 
image data : the surface aspect and the volume aspect. In 
this section, we shall describe how our unitary approach 
introduced in section I, allows the extraction of a rele- 
vant invariant 3D descriptors in the two aspects since 
the formulation adjusts itself to the type of the conside- 
red 3D object. 

IV. 2. A complete and convergent set of invariant 
primitives 

Theorem 3: When we assume that {If(k, s)} is a 
convergent set then 
If(k, s) = Mf(k, s) tMy (1, 1)] -k IMf(1,1)lktMy(0,1)] -s 
is a complete and convergent set of invariant features 
under planar similarities. 
Proof of convergence: Invariance and completeness 
have been shown in [7]. For such a set, we only recall 
here the proof of convergence of this set. The p-norm of 
the sequence of invariants can be expressed as : 

Np('?=(kZzf:II/k,--%+ivlPOv)'/P= 
[Mf(0, 1)]-Oo (k~Z f+8 [Mf(k,_Oo+ iv, lPdv)l/p 

since : 
I(r %-ivl  = IMj(k,s)l[M/O, 1)]-% 

This implies that' 
Np(If) = [Mr(O, 1)]-~ when My(O, 1)is not zero. 

The set of invariant features is convergent since ~o is a 
fixed number. 

IV. 3. An invariant metric 

The set of invariants {If(k, s)} is convergent since it 
can be assumed to belong to L2(Z x R, It) (finite energy 
of the image signal). So ; 

It implies that the shape space S is a metric space with 
the following distance : 

d2(G'H)= +(f-- ~z'l~(k'-~~176 

where g and h are two gray level images having respec- 
tively the shape G and H. 

V. THREE DIMENSIONAL OBJECT 
AND EUCLIDEAN MOTIONS 

Recently, there has been renewed interest in closer 
studies of 3D-geometric shapes. Perhaps the reason is 

V. 1. Descriptors for three-dimensional surfaces 

Three-dimensional feature extraction of 3D surfaces 
is a complex problem, particularly if all Euclidean three 
dimensional motion invariance has to be required. One 
of the main reasons is that there does not exist a general 
three dimensional surface parametrisation. So, the clas- 
sification of surface parametrisations is not well known. 

However, most of the 3D surfaces usually studied in 
pattern recognition are closed and connected, which 
could be represented by a spherical or a periodic bidi- 
mensional parametrisation, harmonic analysis gives an 
efficient solution for these categories of objects when 
suitable reparametrisation is computed. So in this para- 
graph, we intend to show how to construct a global set 
of invariant descriptors under a general three dimensio- 
nal Euclidean motion in these two kinds of surfaces. 

V. 1 .1 .  Spherical shaped form 

Definition 19: A spherical parametrisation of a three 
dimensional surface is an immersion from S 2 to R 3. 

Definition 20: A closed 3D surface is said to be a 
spherical shaped form if and only if it has a spherical 
parametrisation (see Fig. 1). 

Following the notation of section I, G' and G repre- 
sent respectively the 3D Euclidean motion group M(3) 
and the unit sphere S 2. This means that the invariant 
representations of spherical shaped forms need the 
application of harmonic analysis on S 2 which is a topo- 
logical compact group. Its well-known unique Haar 
measure can be written as : 

d//(0, 0) = 1/4r~sin0d0d0. 

Compactness implies that the Fourier transform 
exists and it is discrete. It corresponds to the Fourier 
coefficients with respect to a given basis of L2($2). For 
computational simplicity, we propose to consider the 
classical basis which could be expressed according only 
to the Legendre associated functions (see Appendix I). 
Let us denote here such basis by : 

{% m(0, 0), -m < n < m, m belongs to Z} 

Spherical shaped oblects can be represented by an 
orthogonal spherical arclength parametrisation obtained 
after a reparametrisation procedure, when it is possible. 
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Fig. 1. Examples of spherical shaped forms (superquadrics) 

Exemples de formes sphdriques 

Such representation can be assumed to belong to 
L2R3(S2). So, the invariance formulation of this case can 
be summarised by the following action : 

(R 3 • SO(3) • S 2) x L2R3(S 2) ~ L23(S 2) 

[(B, A, (%, tlSo)), f ] --# A f((p + %,  ~ + tg o) + B. 

By computing Fourier coefficients of an orthogonal 
arclength parametrisation, the Shift theorem reduces the 
last action to only the following left operation : 
(R 3 x SO(3) x S 2) x 123(Z x Z) ---> 123(Z•  Z) 

[(B, A, (qo o, ~o)), {an, m(f)} ] --> 

% m(%' %) A an, re(f) + BS~, m 
Using this result, relevant invariant descriptors under 
3D Euclideean motions can be constructed. We propose 
the following set : 

In, m (f)  = S'S" lan, m (f) l  

V. 1.2. Torus shaped form 

Now we intend to consider another kind of closed 
surfaces which we call a Torus shaped form. 

Definition 21: A bidimensional periodic parametri- 
sation is an immersion from the bMimensional Torus T 2 
into R 3. 

f" 7"2-31 • S 1 ---> R 3 

(0, (p)---> t (x (O, 0), Y (0, •), z(0, O)) 

Such parametrisation represents the Torus shaped)'brm. 
The formulation in this case can also be realised by the 
determination of the diagrams which summarise the 
group actions. G' represents in this case the 3D Eucli- 
dean motion group Mr3) and G is T 2. As we have seen 
above an orthogonal and normalised arclength parame- 
trisation is required in order to transform the right action 
into a translation one. All of these parametrisations 
belong to the same space L2R3(S2). So, we have the fol- 
lowing operation : 

(R 3 x SO(3) x T 2) x L2R3(T2 ) --> L~3(T 2) 

[(B, A, (0 o, ~)o))' f ]  ~ A J(O + 0 o, (p + ~o) + B. 
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As T 2 is a compact set, which can be seen as the product 
group S 1 x S I, its normalized Haar Measure is the pro- 
duct of that of S s. It can be expressed as : 

dlx (0, (p) = dO d(p 
The compactness implies that the dual group is discrete 
and is isomorphic to Z x Z. All their irreducible and uni- 
tary representations are : 
Tn, ~ (0, O) = exp -[i(nO + m(~)]for n and m any integers 
Then, the Fourier transform on this group is the bidi- 
mensional Fourier series. All periodic bidimensional 
parametrisations can be expanded in Fourier series. The 
Shift theorem applied on an orthogonal and normalised 
arclength parametrisation of such surfaces implies that 
the operation, in the Fourier transform space, is reduced 
tO: 

(R 3 • 80 (3 )  • T2) x /23 (Z  • Z) ~ 123(Z • Z) 

[(B, A, (0 o, ~o)), {an, re(f)}] --> 

ei(nOo + re*o) A an, re(f) + BS n, m 

then, the extraction of invariant features becomes easier. 
The immediate solution which verifies stability but does 
not fulfil completeness consists of the following set : 

#,,, : Z Ilan, ,.(/)17 
(n, m) Z x Z l  {(0, 0)} 

A set of invariants under three dimensional affine trans- 
formations can be defined by using the determinant ope- 
rator, a case which we do not study here. 

V. 2. Descriptors of three dimensional gray level 
objects 

Such a description is very useful for medical applica- 
tion like the description of ulna or radius bones anatomi- 
cal structures [19]. This application requires three dimen- 
sional invariant descriptors under 3D Euclidean motion 
transformations. The group representation theory is sui- 
table. The formulation allows us to define a relevant set of 
invariant primitives. So, the computation of the irreduc- 
tible and unitary representations of M(3) is the first step. 

V. 2. 1. Harmonic  analysis on M(3) 

A 3D gray level image is considered as a function f 
defined in R 3 which is assumed to have its support 
confined in a bounded domain of M(3). This group acts 
on the representation space Le(M(3)) as follow : 

M(3) = R 3 • SO(3) • L]~(M(3)) --> L23 (M(3)) 

g = (B, A , f ]  -->fog 

The motion of the three-dimensional Euclidean space is 
a cross product of the three-dimensional translation 
space T(3) and the group of the three dimensional Eucli- 
dean rotations SO(3). A general rotation h can be deter- 
mined uniquely by the three Euler angles (~, 0, ~). h is 
the product of a rotation by the angle q) around the axis 
Ox, a rotation by the angle 0 around the axis Oy, and a 
rotation by the angle W around the axis Oz. The unique 
normalised Haar measure of M(3) is given by : 

d~t(h, x, y, z) = dh dr dv dz 
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where dh is the normalized Haar measure of SO(3) 
1 

dh(q~, 0, ~) = 1--~sin0d0dqgdgt.  
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Here, we do not consider all irreductible and unitary 
representations of this group, but only a class of repre- 
sentations, since the other irreductible and unitary repre- 
sentations are not known. 
However, the subset of all representations defines an 
operator which allows the construction of a relevant set 
of invariant features since the shift theorem is still valid. 
Definition 22." A representation T(g) is called a repre- 
sentation of class 1 relative to H if in its space there are 
non zero vectors invariant with respect to H 
For every element g of M(3) corresponds a representa- 
tion Tx(g) acting on L2($2), which turns p({) into the 

function 

Tffg) p(~) = ei)'<a' ~ p(h-l~) V A ~ N+ and ~ E S 2, 

where �9 <a, ~> is the inner product of R 3. These irreduc- 
tible representations of class 1, allow to define an opera- 
tor which verifies the shift theorem as it was defined in 
(I. 3 .3 '  definition 9). 
Following the notation of section I, for every f belon- 
ging to L2(M(3), the pseudo-Fourier transform on M(3) 
can be expressed as 

f [f(~.),p(~) = fix, y, Z) e "ix<x' y,z)', h(�9 p(h(~)) dl.l(h, x, y, z) 
M3 

In the case of three-dimensional gray level images, this 
transform can be expanded into the Fourier series trans- 
form with respect to the basis of L2($2), which is written 
according to the associated Legendre functions, and its 
components are reduced to the following formula : 

[j~l,m(~,),p] (~  = C(1, m ) f 2 , f , ^  o o f(~" sinO sinqo, ~. sinO 

cosq)) sinO P~(cos0)e+im'~dq) dO 

where f represents the Fourier transform on the additive 
group R 3 (the classical three-dimensional Fourier trans- 
form) and c (1, m) is a constant. 
The proof is given in Appendix I. 
Remark: When f i s  a 3D gray level image, then it can be 
considered as a function in M(3) independent with res- 
pect to (0, O, ~). 
Proposition 8: The fimction If defined on R 2 by: 

+ ~  m = + l  

],(~,) :~, ~ fl,m (~) L,nl(~') 
1 = 0 m = - 1  

forms a set of invariants for 3D gray level object under 
a general 3D Euclidean motion. 

f Lm(~.) conjugate of the component denotes the Fourier 

f J,m ()~) of the fimction f 
It is easy to show that if f is in L2(M(3)), then lJ(~.) 
converges for all ~,. These descriptors can be used for 
3D gray level images indextion, for example in medi- 
cal volumes images data bases. 

VI. APPLICATION TO OBJECT ORIENTED 
IMAGE CODING 

The ITU-T has standardised several block-based hybrid 
coder for coding of moving images where each image of 
a sequence is subdivided into independently moving 
blocks. Each block is coded by 2D-motion compensed 
prediction and transform coding (DCr). This corresponds 
to a source model of 2D square blocks moving with a 
translation in the image plane, which fails at boundaries 
of natural moving objects. At low data rates, source 
model causes coding artefacts known as blocking and 
mosquito effects. 

In order to avoid these coding distortions, the 
concept of object based coding has been introduced 
[47,48]. A coder based in this approach divides an 
image sequence into moving objects. We propose here 
to describe objects by the global rigid movement of 
exterior contour (a translation followed by a rotation 
and a scale factor), by its shape (invariant descriptors 
under similarities) and by its texture. We intend to apply 
the formulation developed in section II to a videophone 
sequence. 

The object motion analysis is recognised as a key 
point for many applications in robotic vision and 
machine intelligence or, recently, in object oriented 
coding. It consists of the estimation of the geometric 
transformation parameters existing between a given 
object extracted from two consecutive images a 
sequence. It is usually based on primitives that may be, 
according to the context, segments of straight lines or 
curves, characteristic points, pixels blocks or regions. 
Matching the primitives is carried out by minimising a 
cost function, or maximising a correlation function, both 
based on these attributes. It is important to note that that 
efficiency of an estimation method depends on the pri- 
mitives that are used criterion which could be the gene- 
ralised correlation function or a given distance between 
functions. A numerical optimisation method is generally 
required. In this section, we intend to use the exterior 
profile of the objects as features. We also intend to 
consider the Euclidean distance between respective 
parametrisation of each planar and closed boundary, 
assuming that these objects move with a planar and 
rigid motion. Other hypothesis can be done that will not 
be developed in this article as : 
- planar objects submitted to three dimensional motions 
which can be described by affine transformations, 
- planar grey level objects submitted to rigid move- 
ments modelled by planar Euclidean motions 
- three-dimensional objects (surfaces or volumes) which 
move in the 3D space. 

The joint topology and harmonic analysis proposed 
in this paper seem very suitable to give answers to 
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object oriented coding since such a model can be adap- 
ted to the different cases which we classify above. 

Later on, we show how the whole theoretical results 
in the contour-rigid case serve efficiently and are essen- 
tial in oriented coding application. 

For these experiments, the test sequence Miss Claire 
has been used. It has been selected by international 
expert groups. Figure 2 shows some pictures of this test 
sequence. The first pre-processing consists in extracting 
the contours as shown in Figure 3. 

FIG. 2. Original Claire sequence 

Siquence originale de Claire 

FIG. 3. Contour extraction 

Extraction de contour 

The main idea consists of the compensation and the coding 
of homogenous regions assumed to be animated with rigid 
movements between two consecutive images. However, 
we admit of small non linear shape deformations 

The lbrmulation described in Section II seems sui- 
table for the coding problems. Effectively, data reduc- 
tion for very low bit rate image coding can be obtained 
for the tollowing reasons : 
1. All pixels of a region are assumed to have the same 
motion which is related directly to the parameters of the 
geometrical transformation. For planar similarities, we 
only have four real parameters. 
2. The whole exterior boundary of a given region can be 
coded with a limited number of descriptors (about 20 
features for a perimeter of nearly 400 points). 
3. Texture of regions is 'also described with a limited num- 
ber of features (this point will not be studied in this paper). 

A prediction procedure will be applied to all these 
primitives which generally change slowly along image 
sequences. 

TOWARDS A uNrrARY FORMULATION FOR IN'VARIANT IMAGE DESCRIPTION 

The first type of features which is the motion para- 
meters requires the follow properties : 
1. Robustness 
2. Uniqueness: Hausdorf distance which is a shape 
space metric as we have seen in section I, guarantees 
this fact. 
3. Real time computation : only a limited number of the 
normalised points will be useful for the estimation of 
such primitives. 
The second kind of features which are the shape des- 
criptors have to verify the following criteria : 
1. Invariance: The descriptors must be independent of a 
rigid motion (a planar similarity). 
2. Completeness allows the reconstruction of the object 
up to a transformation in the receiver. 
3. Stability gives robustness under small distortions cau- 
sed by failures in transmission, quantization and non 
linear deformation of the object between two consecu- 
tive images. 
4. Simplicity and real time computation (based on a 
monodimensional fast Fourier transform algorithm). 
5. Generally, a given scene contains several objects. 
Therefore, we usually need to establish the correspon- 
dence between similar objects in the two consecutive 
images before the movement estimation step. This fact 
requires the computation of a shape distance. Such a 
distance presents algorithm simplicity, allowing the 
matching between objects in real time. 

VI. I. I Discrete arelength reparametrisation 

A curve is usually represented by a parametrisation. It is 
well known that there are different curve parametrisations 
to represent a given curve. Therefore, the normalised 
arclength parametrisation has to be used when the inva- 
fiance under similarities is required and when the displa- 
cement of the object is assumed to be rigid and planar, 
such a parametrisation is also needed for the estimation of 
the motion (see Fig. 4). An arclength parametrisation is 
obtained by a reparametrisation procedure which does not 
have to depend on the location. We propose to use the 
truncated Fourier expansion of the original curve points. 

.(�9 "",., ... 

. .2 ",. 

:" ', 
/ ' .  

FIG. 4. A discrete arclength normalisation with 128 points�9 

Notrnalisation de longueur d'arc discrete ?7128points. 

Such curve algorithm can be expressed as : 
1 n- I  

J(t) = n , ,  ~=:.. o r,, B m (t, m) 

where 

1 M~, l 2inmk (m - t) 
B ,,, (t, m) = - - ~  e -  , n < < M  
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where M is the number of the original contour points 
denoted by r m and n is the truncated number of the Fou- 
rier harmonics. It is easy to verify that this curve algo- 
rithm is periodic and independent of the orientation of 
axes in the mean of [19, 20]. 
So, a discrete normalisation can be achieved by compu- 
ting the length function defined by : 

t(t) =  ll/'(u)ll2 du 

2re Ct n - 1 M - 1 2ir~mk (m - t) 
- ~[[m~ krme "y [[du 

Mn 2 =o k~--o 

Then, a uniform sampling of the inverse function of the 
arclength one defined in the last formula can be derived 
numerically. In Figure 4, we illustrate the type of experi- 
mental result which we have obtained in a Claire 
contour with 128 normalised points. 
It is important to note that this step of normalisation is 
obtained by using twice the ~ algorithm. 

VI. 2 Globa l  mot ion  est imation of  objects  

VI. 2. 1. H a u s d o r f  distance and the uniqueness of the mot ion  

The following step is the movement estimation bet- 
ween two objects having the same shape and extracted 
from two consecutive images. 
Let f and h be respestively two normalised arclength 
parametrisations of two object having respectively the 
shapes F and H. As we have shown in Section II that the 
following quantity is a metric between shapes : 

d ( F , H ) =  inf Uf(1)-d~ 
(10,0) E Tz 

In the Fourier domain, and by using Shift theorem, the 
computation of such distance is reduced to the minimi- 
sation of the following expression �9 

g/ = - ~  

VI, 1.2. I n v a r i a n t  fea tures  extraction 

The computation of invariants is obtained in real time, 
since the Dvr is computed on the obtained normalised 
points of the contour. 
Figures 5.a, 5.b illustrate the relevance of these des- 
criptors. Clearly, they converge to zero when indexes 
tend to infinity. Therefore, the shape information is 
located near the origin and it is contained in just a few 
invariants. A contour reconstruction from a limited 
number of Fourier coefficients was proved in [4, 6] to 
be without a lot of shape deformation. 

6 

A l L ,  

5 
4 
3 
2 
1 
0 

-1 
-2 
-3 
-4 

Index of invariants 

FIG. 5.a - Real part of complete and stable invariant descriptors 

Partie rOelle de descripteurs invariants stables et complets 

6 

I 

Index of Invariants 

FIG. 5. b - Zoom of the most dominant part of a real part of 

invariant descriptors 

Zoom de la partie la plus dominante d'une partie rOelle 
de descripteurs invariants 
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Persoon and Fu showed that there is a simple numerical 
solution to this problem, since it consists of the extrac- 
tion of all the zeros of the function F given by �9 

F(l o) = ~ ' p .  sin (~0 + nlo) ~ ' p .  cos (gin + nlo) - 
n n 

~ p ~  cos ( ~b n + nl o) ~" p~ sin ( ~  + nl o) 
n tl 

where p,e 1~. = anal) * an(h)l 2 

The optimal value of 0 that represents the rotation para- 
meter is obtained by the next formula' 

~ ' p ,  sin (~b + nl o) 
tan 0 = - 

~ ' p .  cos (~, + nl o) 

where l o is the solution to the equation F(l o) = 0 which 
minimises the square error among all the set of 
solutions. 

VI. 2.2. Mot ion estimation 

In practice, the scale factor ~ can be obtained by mini- 
mising the following quantity : 

n - - V  

a J )  - ae  j~z0 + 0), a~(h)l 2 
tl = - - V  

This is possible, because we can assume that the scale 
factor values representing the zoom between two curves 
of the same object belonging to two consecutive images, 
is bounded. 

After the numerical resolution of the equation 
F(l o) = 0 and the computation of 0, the scale factor a 
can be reduced by using the following formula : 

.~rp" cos ( ~  + nlo+ O) 
0 t =  

an(f) a . (h)  
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Example: In order to illustrate the behaviour of this motion 
estimation algorithm, we consider the contour represented 
in Figure 6. This contour was rotated artificially by 10 
degrees in the inverse clockwise direction (Fig. 6.). 

FIG. 6. Original contour 1. (b) Original contour 2. 

(a) contour original 1, (b) contour original 2 

F(l o) only contains a limited number of harmonics. So, 
it is possible to find all zeros of F(l o) by using numerical 
techniques. Here, we apply a bracketing method to solve 
this equation. The function F(l o) has more than one root 
in the interval [0,2 n] (for the two contours represented 
in Figure 6, the function F(lo) present~ several roots, see 
Fig. 7). 

FIG. 8.b, Hausdorff  distance according to the number of  
normalised points. 

Distance de Hausdorff en fonction du nombre 
de points normaIisds 

Figure 9 shows another Claire sequence (n~ 
having a modification in the shape of the profile object 
for the two last contours. 

FI(~. 7. The function F(Io) computed with 64 values of  
normalised points 

Fonction F( lo) calculie avec 64 valeurs de points normalisis 

FIG. 9. Claire contour sequences n ~ 2. 

S~quences de contour de Claire n ~ 

As F(I o) exhibits several zeros, we compute the Haus- 
doff distance for each solution. Thus, the zero which 
presents the smallest value of Hausdorf is kept. The 
adjustment of the parameter v, which represents the 
number of normalised points, can be reduced signifi- 
cantly, as we can see in Figure 8.a and Figure 8.b. This 
implies that a reduction in the computing times can be 
obtained by choosing the minimum number of the nor- 
malised points. 

The estimated value of the Hausdorff distance bet- 
ween contours (i and i + 1) of the Claire contour 
sequence represented in Figure 10, shows that this quan- 
tity follows the contour shape evolution. In fact, we can 
observe that the value of this distance increases conside- 
rably between the contours 10 and 11. So, it corresponds 
to our interpretation of shapes. 

FI~. 8.a. The rotation angle estimation with different 
number of  normals points. 

Estimation de I'angle de rotation avec des nombres points 
norvnalisds differents 

FIG. 10. Hausdorff  distance. 

Distance de Hausdorff 

In order to reconstruct the regions in the receiver, we 
have to transmit the prediction error of each invariant 
and each motion parameter. Alter motion estimation, 
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about 20 invariants descriptors are used for this video- 
phone application for each object. Figure l l .a  and 
Figure l l.b represent the variation of such features 
along the sequences. As we can observe, these values do 
not change much for Claire sequence. However, there is 
an important variation between contour 10 and contour 
11. Such experiment result proves that transmission of 
the prediction error on invariants could be done with a 
very low bit rate without losing a lot of information. 
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The more complex movement estimation problem 
remains projective 3D grey level object one. In this 
case, the Harmonic analysis seems suitable to formulate 
the problem but the theoritical solution needs the deter- 
mination of the unitary and irreducible representation of 
the group SL(2,R) which is not to be done. 
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FIG. l l.a. Real part of invariant descriptors. 

Partie rdelle de descripteurs invariants 

FIG. 11.b. Imaginary part of Invariant descriptors. 

Partie imaginaire de descripteurs invariants. 

CONCLUSION 

The mathematical formulation presented in this 
paper has been applied to coding, in the planar closed 
contour case, with a rigid motion (Euclidean motion). 
The generalisation to the affine case would be very use- 
ful for such an application and it would be more effi- 
cient than Euclidean case. It can also model the 3D 
dimensional planar contour displacement. The disadvan- 
tage comes from the fact that the parameter estimation 
is not unique since SL(2,R) is not compact. The grey 
level case can be solved, too. Our future works concern 
the planar grey level object compensation with a rigid 
movement assumption and the planar affine animated 
with a general rigid 3D motion. Three-dimensional grey 
level object movement estimation can also be treated 
with such an approach. However, completeness is not 
verified for the moment, which is important for the 
coding applications since object reconstruction is not 
possible. The 3D surface object case is a more complex 
problem because of the non existing of a parametrisa- 
tion as we have shown in section IV. 

Appendix  I : A basis of L2(82 ) 

The well known basis of the L2(S a) is defined as 

{era. z (0, 4'9) ; - I  < m < l, 1 E IN and ~: = (0, 4') E S 2 } 

where era. l (0  are functions which are defined in spherical S 2 by : 

/ (21 + l)(l+m) 
era, 1 (~ = O, 4') = 3( (l + m) " P~ (cos 0) e -imr 

where P~ (cos 0) are associated Legendre functions : 

P~(Z) = (-l)m+l (1 -zZ)"U2d ~+l d m+l 
2Ii[ dZm+ 1 (1 - z2)l 

where 1 and m are integers (m < 0). In case where is : 

(1 - m)! 
P~ (Z) =(-1)  m (-i-~+'~. I P? (Z). 

Appendix  II 

Let f be a function in Lc 2 (M(3)) which represents a 3D grey level 

object. Then we can assume that it is independent of the parameters of 

the three rotation parameters 4', 0, ~b. 
By making the charge of variables in $ which we denote by : 

r162 
the proposed operator can be written as follow 

[f(;t)p )] (~ = f f(x, y, z)e -i~" r '~'> p (sC')dsC'dxdydz. 
M(3) 

Then, the function f (A)  associated to p is a scalar one. This function 
which we call the pseudo-Fourier transform o f f  comes from the follo- 
wing intergral. 

V ~: E S 2 and p E L 2 (S 2) 

I f  (A) p )] (.0 = f f(x, y, z)[T,~ 1 (h, (x, y, z)t)p l(()dhcLrdydz 
M(3) 

The linear forms {f  (A), A > 0 i defined in space L:(S 2) can be written 

according to its compotents in the basis B (defined in Appendix I) in 
the following mean : 

f2~ fn f ~ f ( x v  z)e -ix<xsirosir~ +,sin~cosp +zco~ > f(t,,.)(A) = Klm o o 

P/m(cosO )e +ir~ sin OdcpdOdxdydz, 

f 7r A 

= KLm )-o )o f(~t sin0 sirtr 2 s in0co~ ,  2cos0) 

sin0P~ (co~)e+'r~~ 
A 

wheref  represent the usual Fourier transform and 
1 ( 2 l + l ) ( / - m ) !  

K t , ~ -  2tr ( l+m) 
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